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PREFACE, 



There needs, perhaps, no other apology 
for the present Work, than the mere statement 
of the fact, that there is, on the same subject, 
no English, and only one Foreign Treatise *, of 
which the celebrated Euler is the Author. 

The copies of this last, a work of uncommon 
merit, are in this country very rare. But, not- 
withstanding its various excellencies, a mere 
translation of it would not have rendered unne- 
cessary the present treatise, since, independently 
of any other consideration, several of Euler's 
most important processes are, by more concise 
ones, now superseded. 

But although there is only one separate Trea- 
tise, the subject itself has been discussed in 
several analytical works, English as well aa 
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* Method us inyeniendii^JuH^as^'tcurvas proprietate majumi 
minimi ve gaudentes^ Laus^i|jie^ 1744. 
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11 PREFACE. 

Foreign. Our countrymen are accustomed to 
assign, in their treatises on fluxions, a chapter to 
the maxima and minima of curves; and, the 
foreign mathematicians consider the same subject 
tinder the head of ^« Calcul des Variations'^ 

Maclaurin, Simpson, Emerson, especially 
the two latter, have not explained the principles 
of the subject with sufficient perspicuity and 
precision ; and, in point of depth of research, 
there are various problems, to the solution of 
which, their formulae are totally inadequate. 
Indeed, which is remarkable, there is, I believe, 
no English treatise that mentions Euler'» 
formula of solution ; which, for the simplicity 
of its construction, and facility of application, is 
exceeded by none in the whole compass of 
analytical science. 

The foreign mathematicians, Euler, Le Seur, 
Bossut^ and Lacroix, have furnished their treatise* 
on the differential and integral calculi, with 
formulae of solution adequate to any case that can 
be proposed. There is no deficiency on that 
head. But, these Authors too suddenly carry 
the reader into the middle of the business and 
immerse him in calculations ; and, if they soon 
provide him with the instrument? of solution^ 
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PREFACB, lU 

they instruct him neither in the object nor the 
principle of their construction. 

This is not said in the spirit of an Author 
preparing, by the censure of preceding Works, a 
reception for his own. For the truth of the 
statement, I would appeal to the experience of 
all who have consulted the above cited Authors; 
besides, it is not difficult to assign the reasoa 
of the alledged defects. 

When Lagrange in 1 760, published his new 
method of solving problems of maxima and 
minima, he composed his memoir for matbema* 
ticians, familiar with its subject, and well versed 
in the researches of the Bemoullis and of Eulec 
Accordingly, he very briefly states the principles 
of his calculus, and enters into no explanation 
of the nature of the subject. His compendious 
method of computation, however, has been 
adopted; and subsequent Authors have com- 
posed their treatises very much on the plan of 
Lagrange's memoir, with some, but slight and 
imperfect, preliminary explanation. These 
Treatises, however, the student is expected to 
understand ; that is, if the matter be fairly stated, 
he is expected to understand an intricate sub- 
jectj with advantages much less than consum* 



IV PREFACE. 

mate mathematicians before him enjoyed ; since, 
there is neither proper explanations presented to 
him, nor is he directed, by way of preparation, 
previously to consult the Works of Euler and 
the BernouUis. 

Such are, in my opinion, the defects of ex- 
isting methods ; still, however, I have not com- 
posed a treatise on the subject, by merely 
remedying them ; that is, by inserting formulae 
6f sufficient extent, and by more fully explain- 
ing and illustrating their principles. But, on 
a novel plan, I have combined the historical 
progress with the scientific developement of the 
subject; and endeavoured to lay down and 
inculcate the principles of the Calculus, whilst 
I traced its gradual and successive improvements. 

If J:his has been effected, which I think it 
has, in a compass not very wide of that which 
a strictly scientific treatise would have required, 
the only serious objection against the present plan 
is, in part, obviated. For, there is little doubt, 
the student's curiosity and attention will be more 
excited and sustained, when he finds history 
blended with science, and the demonstration of 
formulae accompanied with the object and the 
causes of their invention, than by a mere ana* 
ly tical exposition of the principles of the subject 



PREFACE. V 

The plan, perhaps, would not suit any other 
department of science, so well as it does this ; 
which is limited in its extent, and has had but 
few, although eminent cultivators. 

Other advantages, besides that of an excited 

.attention, may accrue to the student from the 
present plan. He will have an opportunity of 
observing how a calculus, from simple beginnings, 
by easy steps, and seemingly the slightest im- 
provements, is advanced to perfection; his 
curiosity too, may be stimulated to an exami- 
nation of the works of the contemporaries of 
Newton; works once read and celebrated: 
yet the writings of the BemouHis are not anti- 
quated from loss of beauty, nor deserve neglect, 
either for obscurity, or clumsiness of calculation , 
or shallowness of research. Their processes 
indeed are occasionally somewhat long, and 
want the trim form of modern solution. They 
are not, however, therefore the Jess adapted to 
the student, who is solicitous for just and full 
views of science, rather than for neat novelties 
and mere store of results. Indeed, the Authors 
who write near the beginnings of science^ are^ 
in general the most instructive: they take the 
reader more along with them, shew him the 
jreal dij^cuUies^ and, which is a main pointj teach 
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him the subject, the way by which they themr 
selves learned it. 

In a former Work *, I adopted the foreign 
notation, and the present occasion furnishes 
some proof of the propriety of that adoption. 
In the Calculus of Variations, it is necessary to 
have symbols denoting operations, similar to 
those that take place in the Difierential Calculus : 
now, d being the symbol for the latter, S is a 
most convenient one for the former : analogous 
to S there is no symbol in the English system of 
notation. If then I had used the fluxionary 
notation with points or dots, I must have in- 
vented symbols corresponding to S and the 
characters formed by means of it. But, the 
invention of merely new symbols is in itself an 
evil. M. Lagrange indeed, whose power over 
symbols is so unbounded that the possession of 
it seems to have made him capricious, ha& treated 
the subject of Variations without the foreign 
notation ; this he rejects altogether ; and, which 
is strange, has employed the English notation, 

r 

but not adopted its- signification. Thus, with 
him, X is not the fluxion, but the variation of jt : 
the fluxions or diflerentials of quantities are not 
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Principles of Analytical CalculatioD, 1805^ 
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expressed by him, but solely the fluxiohary or 
differential coefficients ; thus, if i^ be a function 

of X, w' (^ = -T- or = - ) is the differential co- 
\ ax x^ 

efficient. What advantages are to arise from 
these alterations it is not easy to perceive : yet 
they ought to be great, to balance the plain and 
palpable evils of a confusion in the signification 
of symbols, and of the invention of a system of 
notation to represent what already was repre- 
sented with sufficient precision. No authority 
can even sanction so capricious an innovation. 

There is another point towards which I am 
not unwilling to draw the attention of the 
reader; and that is, the method of demon* 
Stration by geometrical figures. In the first 
solution of Isoperimetrical problems, the Ber- 
nouUis use diagrams and their properties. Euler, 
in his early essays, does the same ; then, as he 
improves the calculus he gets rid of construc- 
tions. In his Treatise *, he introduces geome- 
trical figures, but almost entirely, for the 
purpose of illustration : and finally, in the tenth 
volume of the Novi Comm. Petrop. as Lagrai^e 
had done in the Miscellanea Taurinemeay he 

* Method US ioyeaiendi^ &c. 
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VIU PREFACE. 

expounds the calculus^ in its most refined state,, 
entirely without the aid of diagrams and their 
properties. A similar history will belong to 
every other method of calculation, that has been 
advanced to any degree of perfection. 

The plan of the Work has been slightly de- 
scribed ; and indeed it scarcely requires any ex- 
planation. On that, however, I chiefly rely, as 
the means of rendering easy a subject, which is 
acknowledged to be one of the most difficult. 
But, although I am not aware of having omitted 
any thing that is requisite to the full explanation 
of the subject, yet I cannot flatter myself that it 
will be thoroughly understood from this Work 
atone. For, in general it may be laid down as 
true, that no doctrine, of novelty and intricacy, 
can be completely taught by a single Treatise. 
It seems to be indispensably necessary for the 
student, that the subject should be put under 
several points of view : that if not apprehended 
under one, it may be under another. For this 
reason, though not wanting an Author's par- 
tiality for his own performance, I recommend 
the perusal of those works, to which frequent; 
reference is made in the following pages. 
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PREFACE. IX 



I return my sincere thanks to the Syndics 
of the University Press, who, very liberally, 
have defrayed two-thirds of the expense of the 
present publication. 



Caius College, 
Nov. 17, 1810. 
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List of Foreign Authors that treat of' the Subject of the 

present JVork. 

Bernoulli, James and John. — Works. 

"Comm. Acad. Petrop. torn. VI. VIII. 17S3, 

1736, 
Methodus Inveniendi Lineas curvas proprie- 
tate maximi minimive gaudentes, Lausanne. 
Geneva, 1744. 
Novi Comm. Petrop. torn. X. 1766. 
Xalcul Integral, 1768. 

r Miscellanea Taurinensia, torn. II. IV. 
Lagrange. < Th^orie des Fonctions Analytiques, 1797. 

C Lemons sur le Calcul des Fonctions, 1806. 

Bob DA, et Fontaine. — Acad, des Sciences, Paiis, 1767. 
Le Seur et Jacquier. — Elemens de Calcul Integral, 1768. 
Sauri. — Cours de Mathematiques, torn. V. 1774. 
Legendre. — ^Acad. des Sciences, Paris, 1786. 

Lacroix. — Calc. Diff. et Integral, 1797. 
BossuT. — Calc. DifF. et Integral, 1798. 
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CHAP. L 

The Problem of the Curve of Quickest Descent proposed.-*-^ James 
Bernoulli's Solution of it. — Principle of that Solution. 

The ordinary questions of maxima and minima were 
amongst the first that engaged the attention of- mathe- 
maticians at the time of the invention of the Differential 
or Fluxionary Calculus. This invention took place about 
the year l684, three years before the memorable eera 
of the publication of the Principia. But, the principles 
of the differential calculus, were not, like those of phy- 
sical astronomy, given to the world, at once, and as it 
were, on a sudden, in a formal treatise. They wefe 
communicated gradually and by piecemeal; in letters 
between men of science, in small essays and tractates, in 
solutions of particular problems published chiefly in 



S NcwtorCs Problem of the Solid qf least Resistance, 

a work intitled the Acta Eruditorum edited at Leipsick * i 
which^ at that time, was the common vehicle of commu- 
nication between men of science and literature. There 
is scarcely a formula or process, which we now find 
compactly stated in our modem treatises, that was not 
in those Acts the subject of some correspondence and 
discussion. The methods of drawing tangents, radii of 
curvature, of determining the points of inflexion, the 
maxima and minima of quantities, &c. were treated as 
subjects of great importance by Leibnitz, and by the 
two BemouUis. 

The first problem relative to a species of maxima and 
minima distinct from the ordinary, was proposed by 
Newton in the Principia: it was, that of the solid of least 
resistance. . But, the subject and doctrine became not 
matter of discussion and controversy, till John Bernoulli, 
Professor of mathematics at Groningen, required of ma- 
thematicians the determination of the curve of quickest 
descent. This he did in the Leipsick Acts for June, 
iGgGf, p. 269, under the following form: 



* Problems proposed, and solved, became an amazing means of pro-> 
moting the methods of calculation, or the calculus, to which they 
belonged. Of this John Bernoulli was aware, when, in his famous 
Programma relative to the line of quickest descent, he says, ** Cum 
compertum habeamus, vix quicquam &is^ quod magis excitet generosa 
ingenia, ad moliendum quod conducit augeudis scientiis, quam 
difficilium pariter, et utilium quaestionum propositionem/' Opera, 
tom. I. p. 166. 

t Opera, tom. I. p. 155. 



John Bernoulli's qfthe Curve qf Stuickest Descent. 

^^ Pkoblema Novum, 

ad cujus Solutionem Mathematici invttantur. 



Datis in piano verticali duobufi; punctis A et B^ 
assignare mobili M viam AMB, per quam gravitate 






*^ sua descendens, et moveri incipiens a puncto A, bre- 
**" vissimo tempore perveniat ad alteram punctum Br 

Six months, the time allotted for its solution, being 
elapsed, and no solution appearing, John Bernoulli at 
the request of Leibnitz (who intimated that he had 
solved the problem) prorogued the term, and again 
anounced the problem in a programma * edited at Gro* 
ningen in January 1697. In the May following, his 
brother, James Bernoulli, professor of mathematics at 
Basle, published its solution in the Acta Erud» Lips. 
p. 31 If; and after the following manner: 



* Opera^ torn. I. p. 166. 

t See also his Works^ torn. II. p. 768. 



Jam€9 Bernoulli's Solution. 



Let OOD be the curve ; conceive a portion of it CGD, 
to be divided into two parts CG, GD\ and take another 




element to the curve CLDy divided also into two parts 
CLy LD, and indefinitely near to CGD : then since by 
hypothesis^ the time through CG+GD, is to be a 
minimum^ and since quantities at or near their state 
of minimum may be considered constant (for their 
increments or decrements are very small)^ we have 

t.CG+t.GD=:t.CL+t.LD 

[t • CG, abridgedly representing the time through CG."] 

and/. t.CG'-t.CL::=t.LD^t.GD 

again CE t CG :. t .CE : t . CG 

[C6 considered as an inclined plane.] 

and CE : CL.xt.CE.t. CL 
consequently, CE : CG- CL IMG] i.t.CEit.CG^t. CL 

but MG : LG :: EG : CG 

[by similar A* LMG, GCE.] 

:. CEiLG..EGx{t.CE).CGx{t.CG^t.CL) 
similarly EFi LG:: GFx (t . EF):GD x (t. LD^t. GD.) 



Curve €(f Qmckest Descent a Cycloid* 5 

Hence^ equating the two values of LG, we have 
EGxt.CExEFx GD^GIxt.EFxCEx CG 

or EGx 7^£.x EFx GD= GIx-^^ xCExCG 

[substituting for t . CE, t . EF.'] 

or ^^^: r^E •• ^^ • ^^'^ ^^ ' ^^ 1^^-^ 

which is a property of the cycloid * : hence the curve of 
quickest descent, or the hrachystochrone^ is a cycloid. 

The proportion [l] may be thus expressed : 

"GC ' GD •• ^^^ ■ v/^^> ^r 

sin. /lECG: sin. L.GDI:: s/HCi s/HE :: veK at C: 

vel'^. at Gy or the sine of the angle made by a vertical and 
an element of the curve is proportional to the velocity, f 



* This will easily appear by constructing the figure with its 

generating circle ; or, the known equation of the cycloid may be thus 

J , , . EG GI . dx _ ds^ 

deduced : since . ; * .^ ■ -. ■ .r. ^ .wV-^ ^vc we have 



i/HC.CG ^HE.QD >/y.dz ^y.dz* 

and since dxf, y« dz', are the consecutive values of dx, y, \iz, it 

dx 
fellows from the above equation, that -- — -7- is every where the same, 

J' 
or is constant, and therefore may be put = -r-«. Hence, aJj^s 

ff . d^^-^ry^dr^ and dx ss > "^ ^ dy^ the equation to a cycloid. 

t Lagrange, Cat. des Fonct. Svo. p. 425, says that this was the form 
of the result obtained by Bernoulli. It is not however the form given 
in the first solution that occurs in Bernoulli's Works. 



6 Principle of Bernoulli's Solution. 

In the preceding demonstration two principles are in- 
volved : one * borrowed from the doctrine of the ordinary- 
maxima and minima of quantities : the other^ at the time 
of the first discussion of these questions entirely new, and 
in fiatct assuming ; That the property appertaining to the 
whole curve, belongs also to any element of the curve : for 
of the preceding problem, the condition was, that the time 
down the whole curve OCD should be a minimum^ 
that is, less than down any other curve, passing through 
the points O, D : but in the demonstration, an element 
CGD is taken, and it is assumed that the time down 
this element is also a minimum : so that, the whole 
curve is determined, by determining a portion or element 
of it. The pHnciple undoubtedly is true, both in the 
preceding and in other problems, but it is not univer- 
sally true. Of the exceptions, and of their reasons, 
we shall hereafter speak, and here only briefly notice, 
that the Bemoullis and Brook Taylor, preface their small 
tracts on this subject, with this principle, establishing the 
same nearly after the following manner : 

If the curve APB (see fig. p. 3.) has a certain pro< 
perty of minimum, a portion of it PCtp^ has the same 
property : for suppose AP^ Bp, to be determined, then 
if PQp possesses not the property of maximum or mi- 
nimum, suppose another small portion Pqp to possess 
it; therefore Pqp added to AP, and Bp, will form a 
curve, that in the case of niaximum will contain more^ 



• See page 4., line 5, &c, 



JExplanation qf the Principle. 7 

or of minimum^ less than jiPQpB; which is contrary 
to the hypothesis*. 

The first principle is, as it has been remarked, that 
which is employed in the ordinary questions of maxima 
and minima. If, for instance, we wish to determine 
when an ordinate ^ is a minimum, dy its differential is 
put equal to nothing. Hence, the contiguous or con- 
secutive ordinate which generally is, 

is in this case reduced to 

which, if we make £ix infinitely small, will differ from 
the ordinate y only by infinitely small quantities of the 
second order ; and if we neglect them, may be said to be 
equal to' the ordinate y. Of this nature, and requiring 
this explanation, is the equality in James Bernoulli's 
demonstration, when the time through CG + the time 
through GD = the time through CL + the time 
through LD. 



* P. 226. torn. II. John Bern. Leip* Act, 1701^ p. 213. James 
Bemoul]], the author of the essay, as if suspicious of the truth of his 
principle, says, ''Sensus theorematis vel demonstrationis ejus videtur 
paulo obscurior, nee satis determinatus : sed planior et infra ex appli- 
catione, &c." John Bernoulli also, Acad, des Sciences, 1706, p. 236. 
lays down the same principle : '^ Parceque toute courbe qui doit 
donner un maximum, conserve aussi dans toutes ses parties les loix de 
ce m^me maximum, £tc.'' 

t Woodhouse^ Prin* Analy. Cak. pp. 44, 165. 



8 Oljjeci oftht comnttm Dacirine qf Maxiaia and Minima. 

The use of the principle, however, in Bernoulli's pro- 
blem, and its illustration, will enable us to point out 
the real and essential distinction between the ordinary 
calculus of maxima and minima, and that which is the 
subject of the present treatise. In the former the relation 
of 1/ to X is supposed to be given, or, in other words, the 
function^ in the equat'. y =fx is supposed to be known ; 

and the process of equating y and y ± -^. Ax + &c., or 

of making di/ = O, enables us to find a particular value 
of X which substituted in y—fx gives the greatest or 
least value of y. Thus in the equation y = y/{^ax - 3f 
+ l}),fx=i V^(2oa;— af*+J) and if the greatest ordinate 



isr~w 



be required, (putting MQ=sy, and MN= Ax), NR=y+ 



-%i^a.)+Uc.<^i^. 



ax*^ ' ax If ' 

quently x = a, and the maximum value of y = \^{a* + b). 
In the latter calculus, on the contrary, the relation of y 
to X is not given but sought, or in other words the form 
c^the function yj; [that is, whether it is \/(3ajc— x*) 
« e" or {ajf - hx") "^^ &c.] is the object of investigation. 



Obfect €f the Doctrine of the Maxima and Minima of Curves, Q 

For this reason^ the augmented value of y = MQ is not, 
as before, its consecutive value iVR=:y+Ay, hut Mq = 
f/+Qq=j/ + Vy which must be substituted for y in 
expanding any function of y. Thus, if the equation 
between y and x, or in other words, if the function fx 

is required, such that J^{ax - ^*) y.dx shall be a 
maximum, we have, changing y intoy + v, the consecutive 
value of the expression for the maximum, {axj/ — y^) 
+ (aj? — 3y*)»+ &c. and since this expression must be 

a maximum, the second term, analogous to ~ A a: in the 



former instance, must = O, or aa? — 3 y' = 0, and y = \/ - 



ax 



Here it is plain, the result gives the ^brm of the 
equation, that must subsist between y and x, so that 
generalizing^ it may be said, that it is the form of the 
function fx in y^fx^ which is the object of search. 
The two preceding instances plainly shew the points of 
agreement and disagreement of the two calculi. 

Before we quit this part of our subject we will 
shew how Bernoulli's method of solution, without any 
alteration of principle, may be abridged. Since the 
time varies as the space divided by the velocity, and 
the velocity as the square root of the height, we have, 

CL ^ LB CG , GD ^ ,, . . , 

Tmf" ;;nsE^ VHc^ y^^ ^'^"^ ^^^ p"^^^p*^ 

. . • LC^ICL + MG) (LD-'LN)^LD 

ofmmimum, /. ^^^^^ ^=i ^-^ , 



10 Ofcloid qf Quickest Deicentfrom a Point to a Vertical Line, 

MG LN - • ., ^ f 

or . „.., = , „„ , or iTom similar triangles, 

EL ,^ LI ,^ EL 



'y LG = 



CLs/HC 
LDy/H^ as before, p. 5 



LD ^ HE'^^'''^ CLV HC^ 




In Bernoulli's solution the curve between A and B is 
shewn to be a cycloid; but nothing farther is deter- 
mined ; the result i& independent of the relative position 




of the points A and B. Hence, the same result, as far 
as it regards the nature of the curve, will obtain for A and 
JB', A and JB" &c. that is, the curves AB, AB\ AB\ &c. 
are all cycloids. A question then naturally arose out of 



intersects the Vertical Line at Right Angles* 1 1 

the original one ; Which is the cycloid, down whose 
length a body will descend in the least time ? Or, in other 
words, required the curve, a cycloid it must be, such that 
a body shall descend from ^ to the vertical line BB'B^' 
in the least time. This, afler the solution of the first 
problem by James Bernoulli, was proposed by him 
to his brother, and solved by the latter, not only 
for the particular case in which BBfB' is vertical, 
but for any inclination of that line, and for any 
form of that line ; that is, John Bernoulli determined 
the condition to which the cycloid must be subject, when 
the time down it from -^ to a curve hV V shall be 
a minimum. The condition, which hereafter will be 
deduced, is, that the cycloid shall cut the curve at right 
angles *. 

We may now, without either haste or abruptness^ 

I 

proceed in the histoncal and scientific development of 
the new calculus. And, the next step will be to the 
famous Programma of James Bernoulli, which contained 
the problem, whence the title of Isoperimetrical, since 
applied to all problems of a like kind, is derived. 



* This Bernoulli determined by an ingenious^ but peculiar method. 
Indeed^ there appeared no general method of solving isoperimetrical 
problems^ with all their circumstances^ till Lagrange in 1760 gave 
his formula of solution^ consisting of two parts ; the one containing 
integrals^ the other a definite expression. See the subsequent part9 of 
this Work. 



CHAP. II. 

erimetrical Problems proposed by James Bernoulli — Solved by 
•ohn Bernoulli — His fundamental and specific Equations — Appli- 
cation of them to the Curve of Quickest Descent, and of a given 
Length — Solution of Isoperimetrical Problems, by Brook Taylor-r 
Imperfections of hb and the BemouUis's Methods. 

In 1697, James Bernoulli edited a Programma, which 
proposed this problem * : 

Of all Isoperimetrical curves described on the common 
base BN, to iBnd BFN such, that another curve BZN 




shall contain the greatest 3pace, the ordinate of which 
PZj is in any multiplicate or submultiplicate ratio of 
the ordinate PF, or of the arc BF. 



* "Quseritur ex omnibus isoperimetris^ mper communi basi BN 
constitutis^ ilia BFN, quae non ipsa quidem maximum- comprehendat 
spatium^ sed faciat, ut aliud curva JB2^iV cbmprehensum sit maximum^* 
cujus applicata PZ ponitur esse in ratione quavis multiplicata, vel 
submultiplicata, rectae PF, vel arcus BF, hoc est, quae sit quotacunque 
proportionalis ad datam Ag rectam PF, curvamve BF." Acta Erud. 
][697.Mai.p. 214. 



First Solioians qf Isopaim. Prob. by John Bernoulli, erroneous. 13 

In the terms of modem analysis^ the ordinate PZ 
is said to be a function of PF, or a function of the arc 
BF. 

It is the last case of the problem, when PZ is a func- 
tion of the arc BF, that baffled the sagacity and skill of 
John BemouUi, and caused between him and his brother, 
a long and acrimonious controversy. All the solutions 
of the former were erroneous.*, till the publication of his 
brother's. And, even when John Bernoulli had amended 
his solution, he would not frankly and plainly acknow- 
ledge his error, but slurred it over, with a faint and 
half-confession of having previously been guilty of some 
slight inadvertencies. The last solution, however, of 
John Bernoulli, published in the Academy of Sciences for 
the year 17I8, is, considering what was then the state of 
analytical science, very admirable, and merits the eu- 
logium which he himself has conferred on it, that of being 
equally exempt from the tediousness of his brother's, 
and the obscurity of Taylor's calculations t. It is, how- 



• Acad, des Sciences, 1706, p. 235. or Opera, torn. I. p. 424. In 
this memoir he solved the first case of his brother's problem^ making 
two. elements only of the curve to vary> but making besides the 
elements of the abscissa to vary. On these grounds the solution of 
the first case is right, but that of the second erroneous. 

f " Une voye courte, claire et facile, suivant laquelle un geometre 
d'habilete et d'esprit mediocres puisse arriver jusqu' avoir, non sur la 
foi d'autrui, mais de ses propres yeux, ces veritez abstruses^ sans 
«'engager dans la longueur du calcul de mon fr^re, ni dans Tobscurit^ 
de celui de M. Taylor.'* Opera, torn. II. p. 238, also Mem. de I* Acad, 
de Paris, 1718. p. 100, 



14 John Bernoulli's last Solutian. 

ever, obviously borrowed from his brother*s, which was 
entitled ^^ Analysis magni Problematis Isoperimetrici/* 
and published in the j4cta Eruditorum Lips, for May, 
1701, p. 213. Previously to the Analysis, a solution, 
as it was called, but in which results alone were stated, 
had been published in the above mentioned Acts, for 
Jime, 1700, p. 261. 

As this treatise is not intended to be strictly his- 
torical, the problem of the isoperimetricals will not be 
traced through all its variety of change and emendation. 
To history we shall adhere no farther, than is sufficient 
to preserve an unbroken series of methods gradually 
becoming more exact and extensive; the series begin- 
ning with the first rude, though perfectly just, method 
of James Bernoulli, and ending with Lagrange's ex- 
quisite and refined Calculus of Variations. For this 
reason we proceed to notice, and shall give the substance 
of the last solution of John Bernoulli, published in the 
Memoirs of the Academy of Sciences for 1718. The 
separation between that, and the first solution of the 
hrachystochrone, which has been already given, being 
neither too wide, nor too abrupt, for our present 
purpose. 

« 

Ba€ is a curve, and an element of it a&ce is com- 
posed of three portions ab,bc,ce; another element 
aghe, indefinitely near the former, is composed of three 
portions, ag, gi, ie, and since the solution is to extend 
to isoperimetrical curves, we have. 



Fundamental Equation, — Elements of the Abscissa constant. 15 

ab + be + ce=:ag+ gi + ie, 
and consequently, {ag-^ab) + {gi — be) + (i e— ce) =0 




or, gm — 6n— oc + iA = [l] *• 



brn. 



fh 



By similar triangles, < 



g.abf, gm=zj^.bg 



bng, beky bn = 



ioe, bcky eo = 



iehy ele, ih = 



kc 
be' 


hg 


kc 
be- 


ci. 


ce 


.ci. 



Hence, substituting in the equation [l] 

^ab bc^ ^ ^be ee^ 
and this Bernoulli calls his fundamental equation, on 
account of the uniformity * subsisting in the coefficients 



• P. 104. Mem, Acad. Paris, 1718. Bernoulli, after noting this 
uniformity and shewing what it consists in, adds, " On verra dans la 
suite que cette uniformity continue merveilleusement a reconnoitre 
comme d^un seul coup d'ceil et non en consequence d'aucune analyse^ 
les equations qui conyiennent a chacun des probl^mes que nous aiions 
resoudre/' 



1 6 Un^ormUy qf Coffficienls in the Fimdamenial Equatumt. 

ofbg and ci ; which uniformity, if we run a litde before 
our matter, and borrow the symbols of the differential 
calculus, may be easily made manifest. Thus, J^b^ he, 
ley being the differentials of the brdinates Na, Pb, Re 
[y, y, y ] are to be noted, rfy , dj/, dtf; and if rf«, d z\ 
d^' denote the differentials of the three -arcs Ba^ Bb, Be^ 
we have. 

In the foregoing demonstration, the elements of the 
abscissa are supposed to be constant, or the points ft, c, 
by whose motion the curve is supposed to be changed, 
move along the lines^g, pe; but, instead of the elements 
of the abscissa, those of the curve may be supposed 
invariable, and this case Bernoulli includes in a second 
fundamental equation, like the former, and demonstrated 
by the subjoined process. 

Since the elements aft, be, ec, are supposed to be 





«• ] 
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ft 
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N 


^ 


(■^ 
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f 
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\ 


< 


f^ 



e" 



constant^ from a, e, as centers describe circular arcs 



Second Fundamental Equation. — Elements qftht Curve constant. ] 7 

bgi ch in which, the points b, c, when we pass from 
curve to curve, are supposed to move : now, 
be* 5= g-i* 

/. bk* + kc* = (bk+gn+oiy+{kc-€o--bny 

or, (i/r+g-n+oi)' — 6^==/rc*-(A:c — ca-iw)* 

or, by virtue of the formula, 

{2bk+gn + oi) (gn+oi) = [2/rc-(co-f 6w)] {co + bn) 

or, 2bk {gn+ oi)=?2Zrc(co-fiw) neglecting (gw + oi)*, 

k c 
{co + bny-^ hence, gn+ oi = (co+ bn) -rr* • •Ij^^ 



now, by similar triangles. 



afbybng, gn=^^.bn 

"J 

clCi coL oi = -^.co. 

cl 



Hence, substituting in equation [2], and transposing 
/fft kc\ , /Arc le\ 

Sf'bk^^''''^n 

which Bernoulli calls also a fundamental equation, and 
in which is to be noted an uniformity similar to that 
pointed out in the former fundamental equation. 

If we express the equation symbolically, we shall 
have. 

These equations appeared in Bernoulli's last solution 
of the Isoperimetrical Problems. And to be satisfied of 
the skill and previous labour expended in their con- 
struction^ we need only remark^ that they have no 

D 



18 



Application qf IBemoulWs Method 



dependance on any property of maximum^ or minimum, 
and seem therefore to have no relation to the problems, 
for which they were specially designed. The relation, 
however, which they are made to have, cannot be better 
understood than from the following instances. The 
first of which, is the Brachystoehrone^ not the common 
case *, but that, in which, to the minimum property, 
the Isoperimetrical is added. In other words, when, out 
of all curves of a given length, the curve of quickest 
descent is required. 

In the subjoined figure let Bahce be the curve of 




quickest descent, of which a portion abce is formed of 
three elements, ah^bCy ce; take a portion of another 
curve formed of agy giy ie, indefinitely near the iformer, 
then, by the principle of the maxima and minima of 
quantities, the time down a i, ic, ce,=time down ag, 
gi, ie. But the time varies as the space divided by 
the . velocity varies ; therefore as the element of the 



• See pages 4, and 9. 



to the Brackysiockrone ammgsi hoperimetrical Curves. ig 

curve divided by the square root of the vertical height 
from which the body has fallen : hence^ 

but ab^ ag, he, &c. are all equal ; 

- ' 1 +_i _L^ . 1 



x/Pb ^ s/Rc " ^Pn'^'^/RS' 



or 



or 



' s/Pb ^Pn^x/Ro'^VWc' 

_i 1 ; 1 1 

' s/Pb s/{Pb + bn)' " ^/{Rc'-co) ^/Rx' 

y - ( ^ ftn \ 1 CO _ 1 

' s/lPb ^x/Pb^QPb^'^^x/Rc^ 2i?c- Z^Rh 

[expanding and neglecting the terms 
involving bn", co*, &c.] 

Hence^ — = — r> *^^ ^^^ *^ ^^ equation expressing 

the proportion of 6 n to co, obtained from the property 
of the proposed minimum ; but the second fundamental 
equation^ involves 6n, co, the proportion of bn to co^ 
there arising from the Isoperimetrical condition. Hence, 
eliminating bn, cOy there results the specific equation* 



* " Specifique ; parceque d'eHe resulte I'equation differentielle^ qui 
determine finalement I'espece de la courbe cherch6e/' Acad, des 
Sciences, 1718, p. 108. .^ 



20 Equation to the Brachyitochrone. 

Now if we observe this equation^ it will appear per- 
fectly uniform in its two members, since the right hand 
member differs from the left^ only inasmuch as the 
points e, c, are used instead of the Cy h. Hence^ either 
member is always the same, throughout the curve 
required: hence, symbolically, 

^£"71^ ^^ = ^ constant quantity ; 

[dz is constant and multiplied into \/a, in order to 
make the equation uniform.] 

that IS, '. I '^' = \/a . — ... [a] 

but dz*=dx*-\-dy''\ and since dz is invariable, o= 
dx . d'x + dy d^y ; hence, substituting in [a] 

d'x (dj'+dy^) . ds.dy 

di^ -^''•-^r^ 

and integrating, ^ = 2\/- =*=-[- being the correc"*.] 

„ rfa' dx* + dy* a b^ /a b* 

^'^'^' d^' ^'^ -~d^ = ^y'^Wy'^Z- 

and, dx = -77 , * — 



v/(4ac* + b^'y-c'yzizAhcV ay)' 



See Emerson's Fluxions, p. 189. Third Edition. 



In lioperinf. Problems, the Variation of three Elements requisite. 21 

If in the correction - , i = O , dz = 2dx Sj - = 

c' ' ^ y 

2x/a. — TT^ — -T3 and the curve is the common 

cycloid ; which now is the curve of the . quickest 
descent, not amongst all curves of the same length 
between B and C, but amongst all curves whatever that 
can be drawn between these two points. This is, 
however, only a particular case, for if i be real, the 
curve is not a cycloid, nor is it any known curve, but 

« 

merely that which the differential equation determines 
it to be. 

If we now examine the preceding solution, we shall 
perceive the office of the fundamental equations in 
solving problems of maxima and minima. Analytically 
speaking, they half resolve such problems ; and furnish 
one equation involving two arbitrary quantities, [iw, c6\ 
whilst the maximum or minimum property furnishes 
another. That which results from elimination is th6 
equation of solution. 

We may perceive also, in the preceding solution, 
the necessity of making three elements of the curve to 
vary. Two elements are sufficient when merely the 
hrachystochrone without any restriction is required. The 
^minimum property furnishes one • equation, containing 
an arbitrary quantity [L G] , which is also the equation 
of solution. If a second property, isoperimetrical, or 
other, be introduced, it may be incompatible with the 
curve determined by the equation resulting from the 
minimum property. 



22 Second Instance qf the application of Bemoulii'i Method 

For instance, CGD may be determined such, that it 
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is the curve of quickest descent, and then taking CLD 
indefinitely near, the time down CG+ the time down 
GD = the time down CL + the time down LD ; but 
C6r+ GD cannot equal CL+LD^ for the former sum 
is less than that of any two lines, drawn from the 
extremities C, D, externally to CG, GD. 

This does not shew, beyond controversy, the neces* 
sity of the variation of three elements. For, the points 
X, G, need not lie in the same line ELG, since the 
elements of the abscissa as well as those of the curve 
may be made to vary : in which case, two equations, 
derived fr9m two properties may be obtained ; and this 
method, which was used by John Bernoulli *, in 
certain cases, but not generally, leads to right results. 

If problems involving merely one property, the 



• The method is right in the first case of the problem proposed by 
James Bernoulli, but not, in the second. See p. 13. 



to the first Case of Problem proposed in p. 12. 23 

maximum^ require the variation of two, and those in- 
volving two properties, the variation of three elements ; 
problems involving three properties, would, it should 
seem, require the variation of four elements : and this 
is the case. Each property furnishes an equation con- 
taining three arbitrary quantities (such as 6n, c6)y and 
the solution depends on the equation resulting from 
their elimination. To such problems, however, the 
Bemoullis did not extend their researches. 

We shall give a second instance of Bernoulli's 
method in solving the first Isoperimetrical problem that 
was proposed by his brother ; and proceed as in the 
former case; that is, use two fundamental equations 
involving hg^ ic, one derived from the Isoperimetrical 
condition, the other from the common property belong- 
ing to quantities, at their state of maximum. Now the 
problem requires the curve to be determined, such, 
that if y be the ordinate, and 1^= f{y)^, fY dx shall 
be a maximum. 

Hence, since the elements of the abscissa are sup- 
posed constant, [see fig. p. 15.] 

f{Ph) +f{Rc) =f{Pg) +J\Ri), 

by the property of maximum, 
or, f,{Pb) - f{Pg) =.f{Ri) -f{Rc) 
or, /(Pb) -f{Pb + bg)=f{Rc-ci) ^f{Rc) 



^ f{y) is the method of noting the function of a quantity^. The 
name and symbol were used by John Bernoulli in the Memoirs of 
the Academy for 1706, and 1718. See the latter Vol. p. 106. 



24 Equation of the Curve. 

from which, expanding y*(P 5 + bg), J'(Rc^ci)*, and 
neglecting the terms involving the squares, cubes, &c. 
of bgy ciy we have, 

D .f {Pb) .bg = D >fRc . c i, 
[d .f{Pb) being tlie coefficient of the second term, 
in the expansion oiJ\Ph-\-hg)Y\ 

If we now substitute for bg, ciy in the fundamental 
equation [l] p. 15, there results, 

(fb _ kc\ 1 _ (he _ le\ 1 

^ab hJ D ./(Pfe) "^bc ce' i>.f.{Rc) * 

In which equation, (specific Bernoulli calls it) the 
law of uniformity being observable in the composition 
of its members, it follows, that, 

V^ - T^y TTTirrr * is every where the same, 

^ab fec^ D -J {Pb) ^ 

dx 

— being from the invariability of the elements of the 

abscissa, constant; 



, d^zdy-d^y .dz D.JT.dx 

hence, if = , 

' dz^ a ' 



* Pbz=y, and bg:^dy, then, by Taylor's theorem, [See Princ. 

Anal. Calc. p. 44.] 

or, if we make Yzzfy, 

t Priruu Anal. Calc. Pref. p. xxix ; and p. 43. 



The Circle^ amorist IsopK Curves, contains the greatest Area. 25 

but dz'^^dx^ + dy* ; /. dz . d^z = dy . d'y ; since dx is 
constant^ consequently, by substitution, 

d'z {dy^ "dz"-) _ d ,Y . dy .dx 

d^z J D . JT.dy J . ^ 
or, - -^j—^ . dx = ;; — ^ , and integrating 

Y^f^.Y.dy^f^dy^ 



dz' 

dx^ Y±zc 

dz"^ a 



a 
since 



fdYy and - is the correction ; hence. 



rfa?» 



dx"" + rfy * 



{r±c) 

a* 



, and 



If jr= /O^) =y, then D . Jr=:g' = ^ = 1, and 



fdx^f 



{y±c) . dy 



or a? = C — \/ (fl* - [y ii= c]*) 
an equation to a circle. Hence, of all curves, of a given 
length, that can be drawn between two poijits, the circle 
is the curve that contains the greatest area. 

If we apply Bernoulli's fundamental equations to the 

N P R S 




second case of the Isoperimetrical problem, [see p. 13.] 

.J5 



26 Solution t^ the second Case of James BemoulWs PrMem. 

that is, when the ordinates are not functions of the 
ordinates Ph, Re, &c., but of the arcs Bab, Babe, &c., 
the process will be somewhat different from the pre- 
ceding. For then we have, instead of 

f{Pb)+f(Rc)=f(Pg)+f{Ri) 
f(Bab) +f{Ba be) =f{Bag) +f{Bagi) 
or, f{Bab)'-f(Bab+gm)=f{Babc^co)--f{Babe) 
and, as before, d .^(Bab) . gm = d .f{Babc) . eo 

But the fundamental equation involves bg, ei ; therefore, 
gm, eo, must be expressed in terms of them. Now, 
by similar triangles, 

gm z=:^—T.bs, CO = — .ci\ hence 
^ ab ^^ ee 

Ty.f{Bab):f^.bg==v.f{Babc)A.ci; 
and substituting in the fundamental equation [p. 15.1. 9*] 

\iil''bc)'fb.D.f{Bab) "V6c ce/' le.v.f{Babcy 

Now, Bernoulli remarks, that in this equation, as it stands, 
there is not that uniformity, which enables us to pass from 
one element ab to another be affected in the same manner, 
and so on. There would have been the requisite unifor- 
mity, if the factor in the right hand side of the equation, 

C€ be 

instead of j-, had been — . We shall cause therefore 

the requisite uniformity, if we multiply each side by r- , 

KC 

and there results the specific * equation. 



* See Note, p. 19. 



Eqiuition to the Curve. gy 

//^ ^\ ah he 1 _ /he ^ le\ be 

^Tb '^ Id^'fb^ ke' vf{Bab) "" Vfec "" c^ 'I^' 

7- ' — TvTB — r^v = ^ constant quantity ; hence, since yrr = 
le D.J (Babe) ^ -^ ' /i 

be 

j^y andcdling D.f{Bah) = S, we have, 

^ \dz)'dyrs^ a ' 

d'z.dy-d^y.dz S dy^ , , ». , x, 7 

or J ^ ='-.-:fr.dx;hut,d'y.dy = d*z.dz; 

dz* a dz* ^ ^ ^ a 

dz' -a'dz^ '^'^^ dy^'^^'^T' 
Hence,^ = l {fS.dz^c)^^, \iZ=fS.dz, 
or, a.dx=^dtf {Z'\'e)y the equation to the curve. 

This, as we have before remarked, is, in the history 
of Isoperimetrical Problems and their connected 
Calculus, the most important problem ; since, as long as 
John Bernoulli made two elements of the curve only to 
vary, he constantly, by his erroneous solutions, afforded 
matter of triumph to his brother James. The above 
solution is John Bernoulli's last solution, and an exact 
one; but, it was not published till 171S, in the 
Memoirs of the Academy of Paris for that year, six- 
teen years after the appearance of James Bernoulli's *. 



• This solution appeared in the Acta Erud. Lips. Mai, 1701, 
p. 213. John Bernoulli's solution (which was faulty) was commu- 
nicated to Leibnitz in 1698, to the Academy of Sciences in 1701, and 
published in their Memoirs for 1706. 



28 John Bernoulli's Method disHnguished by Us Specific Equations. 

On this solution, that of John Bemoulli*s is essen- 
tially founded ; and indeed on the very principle, the 
neglect of which had vitiated all his former solutions ; con- 
taining also, under the form, of fundamental equations*, 
James Bernoulli's proportions f- The latter are, with 
the slightest trouble, transmutable into the former. Yet 
John Bernoulli, with a total disregard of justice, wishes 
to confer superiority on his method, by the reverse 
operation ; that is, by transforming the former into the 
latter. This, however, is not the sole nor the least trait 
of his unfairness.;}: 

John Bernoulli's solution possesses greater elegance 
and compactness than his brother's. Yet these are 
qualities which we may attribute, almost with equal 
justice, as well to time as to genius. It possesses, 
however, a characteristic excellence in the uniformity of 
its specific equations. A considerable advancement was 
thereby made in the calculus of Isoperimetrical problems ; 
and it is on a like principle of uniformity, that cer- 



♦ Me?n. Acad. 1718, p. 103, &c. 

t Acta Erud, Lips, 1701, p. 213, or James Bernoulli's Works, 
torn. II. p. 899, or John Bernoulli's Works, torn. II. p. 220, &c. 

% The palpable error of his former solution he wishes to reduce to a 
mere fault of inadvertence. " Pour reparer cette faute d'inadvertence,'' 
he says, ''Je vas donner ici une nouvelle maniere de resoudre, &c.'' 
Besides, he is ever seeking occasion of aspersing his brother's method, 
[see Mem. Acad. 1718, pp. 102, 103, 131.] and this he does sixteen 
years after James Bernoulli's death : when, that event, the lapse of 
time, the recollection of his brother's kindness, a zeal for a brother's 
fame, ought to have assuaged and laid to sleep all angry passions. 



Brook Taylor^s Solution of hoperimetrkal Problems* 29 

tain methods of solution^ of more recent date, are 
founded*. 

Some of the latter assertions the Student must be 
content to take on trust : for their proof would lead into 
too wide a digression. Yet, his curiosity will be amply- 
rewarded, if he will search for, what may be found, the 
identity of the methods employed by James Bernoulli 
in his "Solutio magni Problematis Isoperimetrici, " 
and by his brother in his last essay, inserted in the 
Memoirs of the Academy of Sciences. 

With the above-mentioned methods, the researches of 
the BemouUis on these subjects terminated. Towards 
the period of their close, in 1715, Brook Taylor, in his 
" Methodus Incrementorum,*' solved the problem of the 
Isoperimetricals, on principles not different from those of 
the BemouUis, but with some alteration of symbolical 

notation* The most material alteration^ or rather im- 

• 

provement, consisted in representing the fluxion of f^ 



♦ In Lyons's Fluxions (1758), at page 99, the author, in solving the 
Brachystochrone, arrives at this equation, 

y ««; 

in which ^, w, are the fluxions of two contiguous ordinates, and F, r, 
the velocities in the arcs. Hence, since there is in this equation a law 
of uniformity, precisely of the same nature as that which Bernoulli 

pointed out ; the author infers, that -^ (/ the fluxion of the arc) is a 

given quantity. 

The same principle of uniformity serves also, in part, as the basis of 
Mr. Vince's solutions. Fluxions, p. 195, and of some of Emerson's, 
pp. 182, 183, &c. Third edition. 



30 Imperfections of preceding Methods. 

when fFx is the anal3rtical expression of the maximum 
property; thus, 

r^ Mx + N^ + Ls 

which mode of expression, Euler, as we shall hereafter 
see, skilfully availed himself of. 

TTie methods of the Bemoullis and of Taylor, were 
held, at the time of their invention, to be most complete 
and exact. Several imperfections, however, belong to 
them. They do not apply to problems involving three 
or more properties ; nor do they extend to cases in- 
volving differentials of a higher order than the first: 
for instance, they will not solve the problem, in which 
a curve is required, that, with its radius of cur- 
vature and evolute shall contain the least area. 
Secondly, they do not extend to cases, in which 
the analytical expression contains, besides x, y, and 
their differentials, integral expressions; for instance, 
they will not solve the second case proposed in James 
Bernoulli's Programma [see p. 12.] if the Isoperi- 
metrical condition be excluded; for then the arc ^, an 

integral, since it^fdx ^^(^+'r-i)i is not given. 

Thirdly, they do not extend to cases, in which the dif- 
ferential function expressing the maximum should 
depend on a quantity, not given except under the form 
of a differential equation, and that not integrable ; for 
instance, they will not solve the case of the curve of the 
quickest descent, in a resisting medium, the descending 
body being solicited by any forces whatever. 



Obscurity of Taylor's Method. 3 1 

There are no other peculiarities in Taylor's method, 
than those we have mentioned, that demand our atten- 
tion. It has no recommendation from its neatness and 
perspicuity, but is justly censured by John Bernoulli 
for its obscure conciseness *. 

We must now direct our attention to a period of 
greater interest, during which, the great Euler, who 
left no part of science untouched or unadorned, directed 
his attention to the calculus of Isoperimetrical problems. 



• '* M. Taylor, homme d*esprit, et Geometre tres habile, qui a 
heureusement pen^tr^ jusque dans ce que nous avons de plus profond, 
comme il par6it par son livre de Methodo Incrementorum : sentant 
bien la longueur embarassante de Panalyse de mon fr^re, et voulant 
la rendre plus courte et un peu claire, a repandu lui-m^me tant 
d'obscurite sur cette matiere (aussi bien sur d'autres ou il a voulu etre 
court) qu^il semble y prendre plaisir, et que je doute qu'il y ait 
quelqu'un, quelque penetrant qu'il soit, qui Pentende partout, quand 
m^me la matiere lui seroit deja connue d^ailleurs/^ &c. Mem» Acad. 
1718, p. 103. 



CHAP. III. 

Euler^s first Memoir on Isoperimetrical Problems — Table of 
Formulae — Solution of Problems by it — Methods of Thomas 
SimpsoDy Emerson, and Mac Laurin. 

An interval of fifteen years had elapsed, before the 
subject of Isoperimetrical problems was resumed by 
Euler. He took it up where the BemouUis had left it, 
and conducted his first investigations on their plan. 
TTiese are not easily intelligible without a previous 
knowledge of the researches of his great predecessors. 
The Student, who, for initiation into the peculiar calculus 
of Isoperimetrical problems, should resort to Euler's 
first memoir, would, from the novelty of its terms, 
principles, and methods, find it perplexed and abrupt 
But, he vdll fancy himself gliding along the same route, 
if after Bernoulli, he takes Euler as the guide of his 
enquiries*. 

Euler's first memoir was inserted in vol. VI. of 
the Ancient Commentaries of Petersburg for 1733. 
He there distributes his problems into classes. In 



• It is thus with other subjects. Investigation is easy when it is 
made with the proper series of steps ; but difficulty when by our own 
sagacity and labour, we must supply either steps that are wanting^ 
or approximate those which are too widely separate. 



Euler's Principle qf Solution, the same as Bernoulli's. 
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the first, are problems like that of the hrachystochrone 
and the curve of least resistance, with the property of 
the minimum, but without the Isoperimetrical condition 
or any other. These are to be solved from the principle 
of the property of a maximum, belonging to the elements 
of the curve, as well as to the curve itself; and from 
the principle of the equality between two proximate 
states of a quantity, when near its minimuni or 
maximum *; and they require for their solution the 
variation of two elements only of the, curve. Thus, in 
the subjoined Figure which is constructed similarly to 
Euler s +, let CLND be the element that possesses th© 
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property of a proposed maximum or minimum; take 
CMGD indefinitely near ; then Euler aays, if we express 
the property in CMGD and in CLND, the difference 
of the two expression? ought to equal O, 

[a] Now CL is changed into CG=CM+MG=i 

CL+^.LG, 
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• See p, 7, t Comm, Acad, P^op, torn* VI. p. 128, 
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34 Attaneet <tf Euler*t Method. 

. [6] and LD is changed into DG^DL^ LN^ 
DL-^.LG, 

or the variations of CL, LD are -r^ . LG, — jrj', LG. 

Hence, in an instance, in ^hich yaT.ds, is to be 
a minimum (x = abscissa, ds = difierential of the curve,) 
we have, 

OJ^. CL + OBr. LD = Ojt. CG + OB". GD, 

hence, by [a], [6], 

and consequently from the uniformity of this equation^ 
Q). 15, 20, &c.] 

OA^'.^yj-y or a?'.^ = a the equation to the curve. 



If n = — ^, , y ■ = a, the equation to a cycloid, 

/ds 
~7-, or fdt 

{t the time,) or the time is a minimum down the curve, 
whose equation is ' ^ /\ = «. This problem is that 

which was solved in pp. 4, 9. and on the same principles ; 
for if we compare the solutions, the two latter will be 
£>und to differ from the former, merely in the greater 
compactness and regularity of their processes, and in 



His Clauification qf hoptrimetrical Problems. 35 

their furnishing something like a clue to the general 
solution of similar problems^. 

I 

The preceding problem is easily generalised ; for if 
P be a function of x, sndJ'Pds is to be a minimum^ 
we should have^ supposing P to become P' when x 
Decomes x + dxy 

P.CL + P.LD = P.CG + P'.GD 
and by [a], [6], 

an equation^ which^ according to Bernoulli^ may be 
called a specific equation. 

Hence^ P .— = a, the equation to the curve. 

By these methods^ hardly to be reckoned different 
from those of the BemouUis, Euler solves problems of 
the first class : he then passes on to those of the second^ 
which besides the property \B'\ of the maximum^ are 
to have another property \A] f ; of this class are those 



* The first solution of James Bernoulli^ as it stands [see p. 4.] 
afibrds scarcely the least glimpse of a general method or formula of 
solution. Of its peculiarity, the Editor of John Bernoulli's VTorks is 
aware, since he remarks, ** Quoniam autem synthesin meram parti* 
cularem, nee ad similes casus facile applicandam, &c/^ 

t The following is Euler's classification: 
*^ I. £x omnibus prorsus curvis earn determinare, quae proprietatem 
A maximo Tel minimo gradU contineat. 11. Ex omnibus curvis pro- 
prietate A sequaliter prsditis, earn determinarej quae proprietatem B 

mftximo 
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Problems involving two Properties, 



problems solved by James and John Bernoulli, in 
which the property [^, is the Isoperiraetrical one. 
These require the variation of three elements ab, be, ce ; 




and from such John Bernoulli procures, in fact, two 
equations, involving bgj ci: one equation* called a 
fundamental equation, from the Isoperimetrical property 
[A] ; the other f from the property of the maximum 
[-B] t and these equations may be thus represented : 

[e] . . . P.bg -^ Q^ci^ from Isop^ condit. [^], 
[d] . ^^ R*bg -- S.ci = from max", condit, [5] ; 

whence results PS^QR, which, if the law of uni- 



ixiaximo vel tninimo gradu contineat. III. Ex omnibus curvis et 
proprietate A et proprietate B aequaliter praeditis earn determinare, 
quae proprietatem C maximo minimove gradu contineat. IV. Ex 
omnibus curvis proprietatibus A et B et C singulis aequaliter prjeditis, 
eam determinare^ quae proprietatem D iQaxirao minimove gradu 

contineat.-^ Simili modo qtiinta classis curvas quatuor proprietatibus 

prsEKlitas contemplabitur et ita.porro sequehtes/' Conon. Acad. Petrop. 
torn. VI. p. 125. 

p* IB. t p, 19. 



solved by two similar EqtuUions^ 37 

formity prevailed in it, as in the two first instances *, 
would be a specific equation : but, if the necessary 
uniformity should be wanting, then it must be intro- 
duced, by multiplying each side of the equation by 
proper quantities, as was done in the solution of the 
third problem t. Now Eulcr's plan and reasoning is 
very similar to this : he deduces the equations [c] 
[d] ; and then observes, that the quantities Q and S are 
frequently so compounded, that Q:=P + dPj and S:=^R 
4- dR ; or, if not so compounded, may, by multiplication, 
be reduced to that form :};. 

Euler, in this part, gives no general proof of the 

preceding assertion ; but, if it be admitted, then the 

equation 

QR = PS, becomes 

R{P + dP) =: P(R + dR), and consequently, 
R.dP = P.dRj or *^ = -jj-, and integrating 

P + aR =0, the equation to the curve. 

In point of practical convenience of solution, a great 

step was made by Euler in the preceding process. For 

the computist is directed to attend solely to the deriving, 

from one of the proposed properties, an equation of the 

form, 

P.bg^ (P+dP)ci; 



* pp. 20, 24. f p. 26. 

* " In qui bus quantitates 2 et S plerumque ita sunt comparatae, ut 
sit Q:zzP'hdP, et SzzR^dJL Si vero hujusmodi forniam non 
habuerint, poterunt semper nmltiplicando vel dividendo aequationes 
ad talem reduci." Comm. Acad. Petrop. torn. VI. p* 134. 



38 Resulting Equation qf Solution : 

Ivhence P will be known. He must then derive fix)m 
the other of the properties a similar equation^ 

R.hg - (U+ dR).ci 

whence R will be known : and the resulting equation 

of solution will be 

P + aR. 

For instance^ suppose one of the properties [5], to 
be such^ thaty*^^ dx shall be a maximum ; then^ since 
dx is constant^ 

NaT + Pb"" + Re"" = Na"" + Pg" + Ri" 
and .•. PIT -- {Pb ^ bgf = {Re - ciy - RtTy 
and, Pb'^ng^ RcT-Kci, 
or Pl^Kbg - R(f^\ci = 0, 
which, since i2c is the contiguous or consecutive ordi- 
nate to P b, and therefore (if P 6 = y) =y + dy^ is of 
the proposed form, 

P.hg''{P+dP)ci, 

d V** 
in which P =y***' = -4=5^ , or to render the equation 

homogeneous, y^\dx\ similarly, if T had been a func- 
tion ofy and the property yT. rfa? ; P would have been 

=5 -^ or -J— . dx. Suppose the other property [A\ to 

**'y ^y 

have been y*af*. ds^a^ a being constant and ds the 
element of the curve, then 

BN'^MhA'BP'^M^BR'^.ce^BN'^ .ag + 5P'«.gt+ 
BR'^.ie, 

and substituting according to the forms [a], [6], p. 33. 
there will result 
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(j(iV-|(_ BP-.^.ig - (i.i>..|i-SB-fr).« 

= *, which is evidently under the proposed form^ 

bf kc 

if we make R = JBiV^. •^— BP'^j-, or symbolically = 

d C J ') • Similarly, if instead oUfsT dsy the form had 

heexifX.ds, JIT a function of Xy then there would have 
resulted. 

The equation therefore to the curve with these two 
properties, A and JB, 

is tf'''\dx + a.d ( * 'M 
generally, -j- rf«^ + «.rf (X.-^\ . 



or 



Since the equation P.ig - (P + dP) ci, derived 
from the property JB, is precisely similar to the equation, 
R.bg -^ (R + dR) ci, derived from the property A 5 it 
is plain, that the resulting equation, that which deter- 
mines the curve, or the relation between y and a?, will 
be the same, if B and A were changed ; that is, if 

P.bg'-iP+dP) ci 

he derived from A, and 

R.bg- (R + dR) ci 



* This is exactly under the form of John Bernoulli's specific equa« 
tioDs^ for the law of uniformity is manifest in it 



40 Commutahility qf Properties^ 

from B. For instance^ suppose the curve to be required 

which, with a given length, should contain the greatest 

area ; here the maximum property B is fydx, and the 

Isoperimetrical property Ay is f\^{dx^ + rfy*) = a. 

• . xdx 
The resulting equation is dy = ^ jr an equatioi^ 

to a citcle : which equation would equally result, if we 
required the curve which, with a given area, should 
contain the greatest arc. 

This important remark of the commutability of the 
properties was originally made by James Bernoulli *• 

Euler, we have seen, reduced problems of the second 

class to a dependance on two similar equations of the 

form 

P.hg'-^P + dP) cf=0, 

the determination of P depending on the proposed pro- 
perties : for instance, if the property A ov B were J'T.dx, 

« 

Ts^fQ/), P would equal -7—, or-7-.rfx. If the pro- 



** In quibus omnibus singularis quaedam observatur reciprocatio. 
Quemadmodum enim, exempli grati^^ inter omnes figuras ejusdem 
Perimetri circulus maximam possidet aream^ catenaria maximam 
conversione sui gignit superficiem, solidumque maximum elastica; 
sic inter omnes vicissim figuras quae aut aequalibus gaudent areis^ aut 
nquales rotatione gignunt superficies, solidave aequalia ; circulus, 
catenaria et elastica minimo clauduntur ambitu, quod pariter procedit in 
omnibus aliis/^ Acta Erud. Lips. Mai, 1701, p. 213. or Opera, tom, II, 
p. 919. or, John Bernoulli, tom. IL p. 234. -^ Euler makes the same 
remark. Comn. Acad. Petrop. tom. VI. pp. 135, 150. and tom. VIII, 
p. 175. and in his Metkodus Inveniendi Curvas, fyc^ See also 
Elmerson's Fluxions, p* 170, 



Euler^s Table qf Formula. 41 

perty were jT.dy^ T:=zf(x)^ P would =-j- or -j-.dx. 

If the property were fT.ds, T=f{x)y P would equal 

dCT.-^j ; and ^y observation on the resulting forms for 

P, Euler generalised his conclusions, and arranged them 
in a table, after the manner of the subjoined specimen*: 

Proprietates Valores Litterae P 

propositae. respondentes. 

I. fT.dx . . . dT=Mdy\' . . P = M.dx 

II. J T.dy . . dT= Ndx . . . P = N.dx 

III. fT.ds . . . dT=Ndx . . . P = d.(T.^ 

iv./T.ds. . . dT^Mdy . . . P=d.(T^^^Mds, 
&c. 

and of these forms he gave fifteen, by reference to which, 
any problem belonging to the second class might be 
solved. 

For instance, suppose the curve to be required, which, 
amongst all others of the same length, should contain 
the greatest area. Here, 



* Comm. Acad. Petrop. torn. VI. p. 141. 

J rp 

t dTzzMdy, and ikTiz — , or Mis the differential coefficient of T, 

dy 

J rp 

making in T, y to vary. Similarly, ^=^ — is the differential 

coefficient making in T, x to vary. If T should contain both x and^, 
that is, if dTzzMdy + Ndx, then M and N would become partial 
differential coefficients. See Princ. Anal. Calc. p. 79. 



42 application of the Table of Formulct, 

the maximum property By :=^fydx, 
the Isoperimetrical A, ^fds = a. 
By Form i. Tzzy ; /. M= l, P = dx. 

By Form iii. T=l; p^d(^£) or J?=rf(^) 

Hence, since the equation is P ±aR=^0 [see p. 38.] 
dx±, ^ -^ ( j^y =0^ ora7+a-j^-c=0(c = cor- 
rection) ; and by reduction, 

rft/ = — -rH-. — r-— — Tix an equation to a circle *. 

Again, suppose the curve to be required, which, 
amongst all others of the same length, shall, by a rotation 
round its axis, generate the greatest solid. Here, 
B =zfy\dx\ :. by Form i. T = y'y M^2yy P=:2y.dx, 

A =fds\ :. by Form in. P or R =rf(^); 

Hence, 2y.dx + ^'^(ij) = ^> 

, ds.d^y-^dy.d^s 
or, 2y.dx + a. '^ , ^ ' ■ =0. 

But since dx is constant^ and ds*z=zdxi^+dy*y ds.d^s = 
dy.d^y\ therefore, substituting, 

^ , , d^y.dx" 



•See Emerson's Fluxions, third edition^ p. 187; alao Simpson's 
Fluxions, p. 485. 



to the Solution of Problems. 43 

and, 2y H ^\ — ^ = ; multiply by dy, and 

{dx^ + dy*Y 

integrate, and we have 

y* — ~ c \c = correction, 

1 1 (v* ■" ^) dy 

whence, ax = -77*^ — r ^. -i«x > si^^ equation to the 

elastic curve; and which in a particular case, when 
c = O, becomes 

and the curve in this case is called the rectangular elastic 
curve*. 

As a third example, let the curve be required, which, 

amongst all others of the same length, shall have its 

center of gravity most remote from the axis. Here, 

^x.ds 
s 

dy 



(calling X the distance from the axis) B ==/ ^ — ; /. by 



Form III. [since ^ is a given quantity] P'^dCx-^) 

again A=zfds\ :. by Form iii. P, or R=^d (-i^ 

Hence, a.d(g)+rf(^g)=0; 

/. (a + x) -^- = 0^ or cds=:(a+x).dy 
an equation to the catenary. 



• See Simpson's Fluxions, p. 486, where the solution . is not 
general. 



44 Problems qf the third Class, 

This example could not have been solved by Euler's 
table^ if the property had been any other than the 

Isoperimetrical ; for*, an integral, =y*rfa:^ri -h~^l; 

and Euler gives, in this memoir, no general method of 
finding the resulting equation, such as P is in his table, 
when the analytical expression of a property involves 
integrals. See tom. VI, p. 144. 

By means of this table, the practical solution of Iso- 
perimetrical problems, was, as it has been already said, 
very materially expedited. In a subsequent part of his 
memoir*, Euler increases his table by nine new forms : 
making the whole number twenty-four. And although 
this table is now supef^seded, yet its examination is not 
without interest, since we may discover in it the parcels 
of that general formula, which the author afterwards ex- 
hibited. 

Having given rules of solution for all problems 
belonging to the second class, Euler passes on to those 
of the third. In this a curve is required, which, 
amongst all others equally possessing the property j4 and 
the property 5, contains a property C of maximum or 
minimum. For instance, if the curve be required, 
which, amongst all curves of the same length and the 
same area, is such, that the time down it is a minimum. 
This class requires the variation of four elements of the 



• Comm. Petrop, tom. VI, p. 146. 
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curve ; and consequently the methods of the BemoulHs, 
without extension, are insufficient. The course pursued 
by Euler is Hke his former one in the second class. He 
constructs a diagram similar to the one, p. 36, the sole 
difference arising from the introduction of a fourth 
element of the curve; and he reduces the analytical 
solution to a dependence on three similar equations 
instead of two. 

The general form of these equations is, 

P.ftg-Q.ci+ R.df 
di* being a variation of the ordinate similar to the varia- 
tions bg and ci ; and be makes an observation similar to 
the one in p. 37 ; namely, that it frequently happens in 
simple cases, that Q-P + dP, R = P + 2dP+d''P; 
but, if such should not be the form of Q and JR, then 
the skill of the analyst must be directed to reduce them 
under that form. 

When three equations, such as 
P.bg - (P + dP) ci + {P + 2dP + d'P)M = - 
P ' bg ^ {p + dp) ci + (p + 2dp + d'p) .dt = O 
w.bg - (t + dir) ci+ (x + 2dir + d''ir).di = 
are obtained, the resulting equation to the curve will bef 

P + ap + bir = [i] 
for, taking the differential, dP +a.dp+b.dirz=z o [2] 

and again, d'P +a.a^p+b.d*ir=^0 [3] 
And since, [l]x/>g = 0; ([l] + [2]) x ci = 0, and 
([l]+2[2] + [3])xrfJ=0; 



* d^ has no connexion i^hatever with the separate symbols d, ^ 
t Euler, Contm. Acad, Pttrop, torn. VI, p. ]^9» 
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.% P.bg + (^P'ffg + hir.bg =0 

- (P + dP).ci - a{p + dp).ci — b{w+dn).ci = O 
(P + 2dP + d^P)M+ a(p + 2dp + d'p)df^ b(ir + 

2dir + d'ir)di = O; 

which equations, adding the quantities that are placed 
vertically, verify themselves ; and accordingly shew, 

that the equation 

P + ap + bir = 

satisfies the three equations. 

The solution of problems then would be similar to that 
of those in the second class, and would be immediately 
obtained, if the quantities P, /?, w, were contained in his 
table of forms *; and in many cases they are. For 
instance, suppose the curve to be required, which 
amongst all other curves, of the same length and same 
area, generates, by a rotation round an axis parallel to 
the ordinate y, the greatest solid. Here, 
the max", property C'lsfx'dy ; /. by ii. p. 41. P = 2xdx, 
the . . . property A \^fydx ; ••. by i. /> = dx, 

the . . . property B hfds; .•. by in. ir = ^yrr^l 
and consequently, the equation to the curve is 
2xdx + a.dx + b.d(~\ =0; 

and integrating, x^ + ax + h~ =c [c = correction] 

1 J Ix* + ax - c) dx 

whence ay = --rfpi p-^— '- r— . 

^ V (b —[x+ax—cy) 



* Comm. Petrop, torn. VI, p. 151. 



Objects attained by Euler in his first Memoir. Jj^^ 

Again^ as a second instance, let us take a third case of 
the brachj/stochroney of which we have already had 
two, pp. 4, 1 8 ; that is, besides the condition C of quick- 
est descent, let the conditions A and B be those of a 
givcH length, and a given area ; 

^^'^' ^ =^^ ' ••• ^y '"' ^ = ^ (di^) 

A ^fydx ; /. by I. /> = dx 
B ^fds ; :. by ill. ir = d('J^j 

and consequently, the equation to the curve is 

and integrating, , /^ — \- ax + h~ -=1 c. 

Euler, as we have observed, commenced his researches 
where the BernouUis had terminated theirs ; but, at the 
end of this his first investigation, he was considerably 
removed from the original point of departure. Several 
important objects had been attained by him ; the 
solution of problems involving three or more properties ; 
the reduction of such problems to a dependence on two 
or more similar equations ; the solution of problems of 
tlje first class, and of some of higher classes, by a more 
general method *, and by reference to a table of 
formulae. 

These methods were held, by their author, to be so 



* Tamen eas methodo paulisper diversa et multo latius patente 
sum persecuturus^ &c. Comm. Petrop. torn. VI. p. 127« 
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complete, that, on the ground of facility, nothing farther 
was to be desired*. They are, however, not exempt 
from several imperfections. Problems, involving the dif- 
ferentials of a: or y of an higher order than the second 
cannot be solved by them: for instai^ce, that which 

requires, amongst all other curves, one, in whichy -^ — 'Xr- 

is a maximum or minimum. Secondly, problems cannot 
be generally solved by them which involve integrals, 
such not being constant : for instance, that in which it 
should be required to find a curve that amongst all other 
curves, has its center of gravity lowest. Euler solves 
this problem when another condition, that of the 
Isoperimetrical property, is added : for then the arc s, the 

integral of dx\/{l +"jhr) 9 is in all curves supposed to 
be the same ^. 

The researches of Maclaurin *}:, Emerson §, and 
Simpson ||, on this subject, may here be noticed. With 
regard to practical methods of solution they do not extend 
so far as those of Euler, which we have been speaking of; 
and in point of perspicuity, if we except Maclaurin, the 
other two mathematicians are inferior to the learned 
foreigner. 



• Atque methodo tarn facili solutum ut nihil amplius desiderari 
posse videatur. Comnu Petrop. torn. VIII, p. 159. 

+ See p. 43. 

X Fluxions, p. 478. § Fluxions, Third edition, p. 170. 

II Fluxions, vol. II. p. 480. Third edition, 1750. 
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, Tlie methods of Madaurin and Simpsbtt (for Emer- 
son's is plainly taken from that of the former) extend to 
cases in i^hieh more than obe property is involved : but 
they are inapplicable to the thtee cases, and the connected 
problems enumerated in p. 30* 

» - 

Maclaurin's formula of solution is this : If X find Z 
are functions of x, then if Xds - Zdv be a minimum or 
maximum, . Xdif =3 Zds, This result is included 
amongst £uler*s. [See Comm. Acad. Petrop. torn. VI; 
pp. 141^1412, 143.] For since Jui* expresses one "pro^ 

perty, and dX^ -^ dx, or since JTis a function of a:, we 
have, by Form m. the quantity corresponding to P 
[see p. 41.] =rfr-X'.^) , and for Zdy exprefssing the 
other property, by Form u. the quantity, corresponding 

to P^^TjT'.dx; consequently, the resulting equation is 

d(X~\=a.dZ and Xdt/=:aZds^ 

the same result in fact as Maclaurin's. 

Simpson's method is equally restricted with Mac- 
laurin's : it res^s too on the assumption of the principle, 
that the property of minimum or maximum, true for the 
whole curve, is true also for any portion of it. The want 
of generality, therefore, in this principle, would vitiate 
the method in its application to the excepted cases* 

The methods just described solve not problems of 
greater depth and intricacy than those of the BemouUis ; 
although, it must be remarked, they are invested with 



so Simpson*M Methods 

greater anal}rtical neatness and compactness. They are 
not, however, more perspicuous ; and, even if they did 
possess greater extent and clearness, it would not suit 
the purpose of the present Tracts longer to insist on them, 
since they conduct us not towards that formula and 
algorithm, with which the researches o'n this subject 
have been closed. 

The plan of this Work now leads us to the consideration 
of Euler's second memoir ; in which, he very materially 
improved the calculus of Isoperimetrical problems; 
although he introduces his resumed researches with a 
prefetoiy remark, that his former methods of solution, 
on the footing of facility, left nothing farther to be 
desired*. 



U.M. 



* Atque methodo tarn facili solutum^ ut nihil amplius desideran 
posse videatur. Comm, Petrop* torn. VIII« p. 159. 
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CHAP. IV. 

Euler's second Memoir— General Formulae of Solution — Characters 
of distinction, which Problems admit of — Exceptions to the 

general Formulae. 

t 

The formation of the table*- in Euler*s former 
memoir depended on this principle : \ifVdx is the ana* 
Ijrtical expression of the maximum property f, certain 
functions of a?, y, &c, are substituted for f^ and thence 



• P. 41. 

f Since in the succeeding part of this Tract /Fc^x will be frequently 
used as the analytical expression of the maximum property, it may 
not be improper to illustrate its meaning by one or two examples. 

In the brachystochrone, the time zzj -j- = a minimum ; therefore 
%/^==/ JX-^ =J " ^— > which, compared with. 

fVdx, gives F= ^= ^^^ [P=33- 

In thesolid of le^t resistance, the resistancessj 7^—^-5 = /j^^ Ax ; 
therefore, comparing, F=-~--. 

If, with a given area, the curve generating the solid of least surface 
is required, then [see p. 37.] fVdx^/(2wy.ds + aydx):=:: 
A'2'^Sfi/D+P']'dx+aydx); .'. F=aj^+2»jf •(I +/)"). 

And from these expressions, the value of dVmay be found by tbn 
Common rules of the differential or iluxionary calculus. 
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Expression for the Differential qfthe Maximum. 



a resulting equation (according to Euler the equation 
P = O)^ is obtained. In the present memoir^ he represents 
the difierential of f^, or rf^ as Taylor had done [p. 30.] ; 
that is^ he puts 

dr=z Mdx + Ndy + Pdp + &c. + Lds* 

and from this more general formula of representation, he 
deduces an equation comprehending almost all his former 
particular equations which he had registered in a 
table [p. 41 •] • His mode of proceeding is not materially 
different from his former mode. If V contains no 
integrals, but is mei*ely a function of x, y^ dy^ Sec., then 




the property expressed by fVdx is common to the 
curve, and to its elementary portions: hence, if we 
suppose two portions only of the curve to vary, and if 
Vdx corresponds to CLy and V. dx to LD^ {V+ V) 



*■> 



i*-^*" 



* P in this and the following pages is merely a coefficient, and 
different from the P q{ the preceding Chapter. 
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r 

dxisz minimum. Hence, that ^peculiar differential of 
(f^+ V) dx, which arises from changing CLy LDj into 
CGj GD, is equal to oothing : which differential is easily 
obtained from the common differential, since each has this 
in common, that of being the first term of the diflference 
of two successive values : now the common differential, 

or, (dF+dr) dx^ 
{Mdx+Ndj/+Pdp).dx+ (M' dx + N'dj/ + P' dj/) dx, 
supposing the differential of F to consist of three 
terms only, and M', N\ P', to be the values of M, Ny 
Py when V becomes V\ Now, in order to compute the 
changes in the several terms, we may observe, that since 
AC^jfy an^ since dx is supposed to be constant, the 
terms Mdxy Ndj/y are not affected by the translation of 

the point Z to 6 ; but Pdp is ; for p = ^^ = r^ : but' when 

J ^ ^ ^ ^ n ^^ EL + LG 
L is transferred to Gr, j» = ^^ = -Typ — » conse- 
quently the variation produced in />, or what dp 
becomes, when it expresses the peculiar differential 

^ . . LG^ 

which we are seeking, is ^p . Hence the term Pdp 



* Those who are possessed of the calculus of variations will here 
perceive the very great advantage accruing from the mere in- 
vention of a symbol ^ to denote an operatioji^ bordering on^ yet distin- 
guished from, the operation which d denotes. Circumlocution and 
ambiguity were both rescinded by that invention. It is wonderful that 
Euler did not hit on it : for the rules belonging to such a symbol, he 
plainly lays down in Comm. Petrcp^ torn. VIH p. 103, lind afterwards 

mor^ 



\ 
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must be written P.-?- , putting v^LG, and dx=:CE. 

Again, j/^BL, and by the translation of Zr to G^^BO 
= BL + f . Hence, dt/ must be written », and N\ d%/y 

iV'v. again/?' = -^ — , and by the translation of L to G = 
—-7 — - — = — y . Hence, djf must be written -^ — » 

-JP'v 

and P'.dp\—^ — . Collecting the several terms, we have 
the whole variation of (i^ + V) dx equal to 

TiV— jj — ) y . dXf retaining quantities of the same order ; 

lastly, since the variation must equal nothing, we have for 
cases comprehended within the expression df^ = Mdx 
+ Ndj/ + Pdpy this formula of solution, 

dx 

By a process similar, but longeron account of the 
introduction of the quantity ds, Euler deduces from 

dF = Mdx + Ndt/ + Pdp + Lds 
this formula of solution, 

ax ds 



snore fully and distinctly in his tract on Isoperimetricals ; and in his 
last memoir, N&oi Comm, Petrop. torn. X. p. 54, he says, '' Illud 
probleoia Isoperimetricum latissimo sensu acceptum, prout id quidem 
in libro singulari pertractavi ; qnem qui attente legerit, non dubitabit, 
quin hujus generis investigationes calculi speciem prorsus singulareu 
postulent, a consuetis analyseos regulis non parum diversam/' 



Problems of the second Class^ 
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The two preceding formulae have been deduced for 

st class of problems that involve one property only. 

'er's method, although more tedious, is not essen- 

*erent for problems of the second class. These 

.e the variation of three elements of the curve; 

.d accordingly, we must compute the variation in 
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{V^V'^V'^dx^ when the three elements, instead of 
ah^ hcy ce, become agy gi, ie; that is, as before we 
must note the variations in 

M.dx + N.dy + P. dp + &c. 

M\dx+N\dj/+ F.dp'^&ic. 

. M\dx+N\df+F\df + &cc. 

arising from ., Jhe » translation- of the points b and c, to g 
and iy and from the introduction of two arbitrary quan-r 
titi^ or variations such as bg, ci, and thence will result an 
equation of the form -^ . % - 5 . c i = O, which compared 
with the equation, R.b^g- (R+dR) .vi = O, which Euler. 



^6 Formula for Problems qf the second Class, 

had previously obtained*, would give "tt^"-"^ — » 
whence jR is known. 

In the formula dV=Mdx + Ndy + Pdp (forming 
the equation A.bg — B.ci, according to the precepts just 
given,) 

A = N'.dx - dP 

B = N\dx - dR 
consequently, — jj- = ■■ \^,, _f/p » and/J = N'tlx — dP, 

or =:rfx(Ar_^). 

This is an equation derived from one property J* Fdx : 
deduce a similar equation from the other ffVdx ; for 

instance, such as q^dx T » — -j") , and the equation to 
the curve will be 

/J+«f=0, or (iV-^)+a(.-^)=Oi 

ori>r+fl.-^i^tfi!L)=0; 

dP 

and since this form is like that of N- -j— , instead of two 

operations for finding the values of R, R, iromff^dx^ 
a maximum, snidJ'Wdx = a constant quantity, we may 
substitute one, and deduce the resulting equation from 



• P. 37. 
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fFdx + affFdx, 
or fir + aJV) dxy 
and for this great simplicity introduced into the calculus, 
we are indebted solely to Euler. 

For the sake of stating and illustrating Euler*s 

method^ we have taken a simple form to represent dV^ 

that is, Mdx + Ndy + Pdp: but Euler introduces a term 

Lds^ which, for problems of the second class, renders the 

calculation longer, and the result more complicated : in 

this case, however, 

dR ^ d^P+ Udx.di + dxdjLi + N) r ^dy-L 
It "• -rfP + rfa?(L'f +Ar) L'"" ds] 

Ldx.di dl^dP-^dxjLt+Ny] 

- -.rfP+rf^(L', + J\r)+ ^dP+dx{Li^N) • 

and, R = e^^^'^^x ( ^ rfP+ dx [Li +il/]). 

This memoir of Euler contains almost all the matter 
which is to be found in his subsequent tract on Isoperi- 
metricals : but, the matter is ill arranged: considerable 
perplexity, and some error, is introduced by the term 
Lds : the cases in which it enters, are mixed with those 
in which L^O. These latter, in the above mentioned 
tract, the author separately considers ; and even here he 
notices, that as from dV^Mdx-^Ndy^ dV^Mdx + 
Ndy-\-Pdp: the resulting formulae of solution are> 

dP 
iVssO, and iV— -J— =0, so if we put 

dVziz Mdx 4- Ndy + Pdp + Qrfy + /Jrfr+&c., 

t]:^en the resulting formula will be 

I 



^8 General Formula. 

dx daf" da^ "" 
which, by the principle stated in page 62, will belong 
to problems of all classes involving definite expressions. 
This last formula, remarkable for the simplicity of its 
law, supersedes Euler's table of the values of P*, given in 
his former memoir. In fact, all problems, in which 
integral expressions do not enter, are solved by it; 
and although Euler himself, and afterwards Lagrange, 
veiy materially simplified, and expedited its proof, yet, 
as a formula of solution, it still remains as a final 
result of all researches on this subject. 

Problems are classed according to the number of 
properties which they involve t ; and the number deter- 
mines that of the ordinates that must be made to vary. 
But, problems might be distinguished also from each other, 
by the order of difierentials which they involve; and 
then the order would determine the number of terms to 
be used in the formula d f^= Mdx + Ndy + Pdp + &c. 
thus, if the curve were required, in which /* (ax— 3(*)yrfa? 
is a maximum, we have V ^ {p^^^'it)yy dV ^ 
ay.dx + iaX'-Sy^) dy : consequently, two terms are suf- 
ficient, namely, Mdx^ Ndy^ and the formula of solution is 

AT =r O, or ax - Sy* = O. 

This problem is, according to Euler*s classification, of 
the first class, and might be said also to be of the first 
order. 



• See p. 41. t See p. 35. 
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If the hrojchystochrone^ with no limitation^ were 
required^ since the time 
_ r ^^ _ / " rf^ / V/(rfa?* + rfyO _ fj v/(l +f) 

by comparing it Wi^fVdx, we have V^ — ^^-/^ ■- ♦, 

y/ f 1 + »*) « 
and thence dV z=i -^ — r^'dy+ — j-f- r.dp; so 

that, the formula Mdx + Ndy + Pdp, or three terms 
are sufficient, one of which Mdx = O. 

This problem of the first class, might be said to be 
of the second order. 

Again, the solid of least resistance is of the same 
class and same order with the preceding problem ; for 

sincey ,^' ^ ^ = a minimum rs/^^rfj?, by comparison, 
we have, ^=.^^, and dF^j^.dy+^^^^,.ydp. 

But, if a curve were required, in which^—- should 

Q^qj d^'u djc 

be a minimum, then since ^rf^= jr^=-7^- TTT": — rr 

' ds dx" x/(i4.|>*) 



V 

so that this problem would require four terms, or this 

formula 

dF'=Mdx+Ndy + Pdp+Qdq; 

(in which M and iV= O), and therefore might be said to 



* See p. 51, 



60 7^^ Class determines the Number qf Ordinates thai must vary^ 

be of the third order^ and^ according to Euler*s classifi- 
cation^ 'would be of the first class, if it depended on the 
minimum property alone. 

The class of problems then determines the number 
of ordinates that must be made to vary ; but, on what 
might be called their order, would depend the 
number of ordinates to be taken account of, in the 
computation of the variations. For, as more terms of 
the series Mdx+Ndjf+Sic. enter, more ordinates are 
required to estimate the variations of the terms : for 
instance, let dV^ Mdx+Ndy + Pdp : then if the pro- 
blem is of the first class, the variation of one ordinate is 
sufiicient. Let ^ BL ^y' be the ordinate that varies, and let 
the two adjacent ordinates be y^ y^^ then it is plain, from 
the subjoined table, that three ordinates y, y, y" are suffi- 
cient for the computation of the variations in 
Mdx+Ndy + Pdp, and in Mdx^N'dyf ^P' .dp\ 

dy EL XT ' ^' ' • » 

" J — "T* Vanation m p s -r-. 
ax ax * ax 

variation in p' = — -r-. 



y =^C 



P = 






/'= 



dx 



The introduction of other ordinates, such as j/'\ y^, 
&c. or y^ y^ &c. on either side, is plainly unnecessary. 

d^v d^ti 
If, however, ^?=T»=;j£ enters into the form, or if 

dVz=, Mdx + Ndy + Pdp + Qrfy, 



• See Fig. p, i% 



J%e Order, the Number that fnust be brought inlto Can^aHtm, 61 

then three ordinates are not sufficient : an additional 
one y^ must be taken account of: for the element 
f^dx of the area analogous to Fdx, and immediately 
preceding it, is M^dx + NJLy^ + ^x^Ps + ^%*^9%» 
now, the last term Q^dq^ of this formula, is af- 
fected by the increment t of the ordinate y; for, 

«nce ?=^=^^»?v=^^J ••• 9. IS varied, i( p is 

varied ; and p is varied, if y is. Hence we must intro- 
duce into the computation an additional ordinate t/^ ; but 
that is sufficient; for none of the terms representing 
f^^\ dx, V^". dx, &c. will be affected by the variation of 
the ordinate y • 

What has been said relates to those cases in which ^ 
involves no indefinite expressions ; for if a term, such as 
X^^ be introduced, a fourth ordinate must be taken 
account of. If the problem is of the second class, then 
two ordinates must be made to vary, and the number of 
ordinates that must be taken account of is easily deter- 
mined from the preceding reasonings. We shall have 
occasion, however, to notice this case, when we speak of 
Euler's treatise on Isoperimetrical problems. 

In the conclusion of his memoir, Euler notices, that 
his methods fail, or require peculiar artifices, if the 
quantity VinfVdXy contains the arc $y or other inte- 
gral quantities. For, in that case, the principle of the 
whole curve possessing a certain property of maximum 
or minimum, if a portion of it does, is not true. For 
if V contains an integral expression, then the curve 
OCD may coiiXsXn fVdx a maximum or minimum. 
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although no separate portion of it has that property. If, 
indeed, 

dF = Mdx + Ndy + Pdp + &c. 
then^ since the quantities x, y, ^, or p depend on the 




point C, the part CLD may be changed at pleasure, 
without any change being produced in OC; but if F 
contains an integral, then if CLD is changed, OC will 
take another value from f Vdx. In these cases then, 
the preceding methods of Euler, deduced from assuming 
a portion of the curve possessing the requisite property, 
fail : so likewise do the methods of Bemoulh and 
Taylor, which are founded on the same principle *• 

There are cases, however, Euler observes, in which 



♦ Bernoulli's has been already mentioned ; and Taylor, in his 
Methodus Incremeatorum, p. 67 . prefixes to his solution, a similar one. 
Its truth depends, as it has been said, on the two portions adjacent to 
CLD not varying whilst CLD varies, which is to be granted, when 
/ Fdf contains no integral. 



Objects attained by Etder* Q$ 

the ordinary solutions may be applied; although the 
quantity y*^(ji' contains an integral : and these happen 
when the integral is by the conditions common, or the 
same to all curves, amongst which a required curve is to 
be found. Included in ^ese cases, are the Isoperimetrical 
problems of the Bemoullis ; for there s, the integral of 

dx\/ Cl + ;/;) ^s given: had it not been given, or if, 

instead of the Isoperimetrical property, another had been 
substituted, the solution of the second case proposed in 
James Bernoulli's programma, would have been faulty. 



Very important objects were obtained by Euler in 

this memoir. TTie solution of problems ijivolving differ- 
entials of any order ; the invention of a formula includ- 
ing his former formulae, which, to the number of twenty- 
four, he had inserted in a table ; the partial solution of 
problems involving integral expressions ; the establish- 
ment of his theorems and formulae by easier pro- 
cesses*. 

An author is usually, more than justly, fond of his last 
inventions : and Euler, by this memoir, thought he had 
nearly perfected the method of solving Isoperimetrical 



• "Non solum faciliorem quam ante detexl viam ad solutiones 
hujusmodi problematum perveniendi^ sed etiam omnes 24 formulas, 
quas ante tractaveram, in unicam sum complexu.**, &c/' Comm. 
Petrop. torn. VIII. p. 159. 



64 bnperfecHon$ of his Methods. 

• 

problems * : yet his methods were not without their 
imperfections. They afforded no general solutions of 
problems involving integral expressions; and, erroneous 
scdutions^ when the differential function depended on 
a quantity given solely by a d^rential equation not 
generally integrable : and the cause of these imperfec- 
tions was the assumption of the principle, that the 
whole curve will be endowed with the property of max- 
imum or minimum, if any portion whatever of it possess 
the same [see p. 52, 62.], 

We are now led, both according to the order of his- 
torical and scientific succession, to the consideration of 

Euler's tract on Isoperimetrical problems. 



Triplici ratione illam priorem methodum ad major^n perfec* 
iionis gradum sum evecturus.'' Comm. Petrop. torn, VIII. p* 175. 






CHAP. V. 

Elder's Tract, entitled '*Methodus inveniendi LineasCurvasProprietate 
Maximi Minimive gaudentes" — Distribution of Cases into absolute 
and relative Maxima and Minima — Rules for finding the IncremSnt 
of Quantities dependent on their varied State — Formulae of 
Solution. 

This Work appeared in the year 1 744, about three 
years after the pubUcation of his last memoir *, on the 
same subject. It was intended, and, with a few excep^K 
tions, it must be conceded, to be a complete treatise; 
containing essentially all the requisite methods of solu^ 
tion, with great abundance and variety of examples and 
illustrations. There is wanting, however, to make it a 
perfect work, and on the subject^ the best extant, a new 
algorithm ; a more compendious process of establishing 
the theorems; and certain supplemental formute, that 
determine, not the nature of the curve, if a curve be the 
object of enquiry, but the conditions according to which 
it must be drawn. These desiderata were afterwards 
supplied by the fertile genius of Lagrange, 

The former memoir contained, a^ it has been already 
stated, abundance of valuable matter^ but ill arranged. The 



* The volume of the Commentaries of Petersburg, in which thi» 
memoir is inserted, is said to be for the year 1736 ; ^hich determines 
nothing concerning the dates in which the memoirs contained in it 
were written. Several of them, however, were undoubtedly written 
after 1736; since they contain accounts of observations made iQ 1740, 

K 
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distribution and arrangement, however, of the present 
work is extremely luminous and regular. Absolute 
maxima and minima are first treated of, which concern 
curves that are to be determined solely by the property 
of maximum or minimum ; such a curve is the hrachysto^ 
chfone *, which has the property of the least time, out of 
all curves whatever that can be drawn between two given 
points. The curve generating by its rotation round its 
axis the solid of least resistance, is another. 

l^fVdx be the anal3rtical expression of the maximum 
or minimum, V may contain either determinate or inde- 
terminate quantities, such as integrals. Euler first con- 
siders the former cases, that is, when V contains only 

quantities, such as j?, y, -r^, •^, &c. which are plainly 

determinate quantities, that is, of assignable value, when 
J? pr ^ is given. 

After absolute, relative maxima and minima are 
treated of: these relate to curves that are to be deter- 
mined not solely by the maximum property, but con- 
jointly by that and other properties. Such a curve is 
the hrachystochrone % when the property of equal 
length becomes an additional condition ; that is, when 
the curve of quickestdescent is required, not amongst all 
curves whatever, that can be drawn between two given 
points, but only amongst those that are of a given length : 
such also is the brachi/stochrone, when a third condition, 
that of equal area, is added ;}:. 



* See pp. 4, 9, 34. t See p, 18. J See p. 47. 
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In these cases of relative maxima and minima, the 
qaantity V, when fVdx represents a property, may, or 
inay not, include integral expressions : and since, by an 
artifice like that which we have stated*, Euler re- 
duces all questions .in which are involved two or more 
properties, analytically expressed by JVdx, fYix, 
fXdx, to this form, 

JVdx + afVdx + hfXdx + &c. 
the determination of all cases is reduced, idtimately, to 
that of an absolute maximum or minimum. 

The method employed by Euler in treating the first 
and simplest cases of absolute maxima and minima, is 
similar to that used by him in the eighth volume of the 
Commentaries of Fetersbui^: thus, suppose the expression 
ofthe maximum prc^rty to hefVdx, and ^ to bea 

determinate function f oi x, y,-f^ , ht.\ then, as it has 




appeared, the property belongs equally to the curve and 
to its element. Let PQR be a curve, and let its 



Qg Mode qf Computing the Variations^ 

ordinates LP, MQ, NR, &c, be y, y, y"", &c. and 
Qq=zii; now fVdx* is to be a minimum or maximum ; 
suppose^ ^.rf J? to be its value up to the ordinate y, the 
one immediately preceding LP ; then, beyond that or- 
dinate, to the right of y, the value will be increased by 
Vdsc +V\dx+ V*\ dx + &c. j so that, the whole value 
oi fVdx will be 

fF^.dx + {V+V' + V'' •^&jc.)dx . 
a maximum or minimum, and in which, for the reasons 
just assigned, 

{V + V + y^ + &c.) dx must be a maximum 
or minimum, that is, {dV+dV -^-dV^' + &c.) dx must 
be put equal to nothing *, when the changes arising in 
dVy dV\ &c. from the translation of the point Q to y, 
or from the increment or variation t are properly ex- 
pressed ; or, if d V= Mdx + Ndy +Pdp+Q dq, when 
the changes or variations of 

dx {Mdx + Ndy + Pdp + Qdq) [l] 
dx {Mdx +N'.dj/ +F.dp' + Q. d^) [3] 
dx {M'dx+ N'\dif+P^df +Q\df) [3] 
are expressed. 

Now in the Figure p. 67. the ordinate t/' is changed 
by the quantity », and since 

^ ^ dx ' ^ ^ dx ^ dcf ' 

P d^' ^ " dx dx^ ' L«J 

,._ .<"/ r^f y^-2f'W 

^ '^ dx ' ^ ^ dx dx'' ' 



«*OT 



iMM>HMM«MpaM«a«^awi» 



• See p, 53. 
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it is easy to see the change, or increment, or variation pro- 
duced inp, p\ &c. qy 5^, &c. from thechange v in^, which is 
the sole ordinate that admits of any : thus, the variation * 

inpisrrO; inp' is^% inp^'is^; in jisj^; in qf 

Hence* substituting in the three expressions [l]j [2], 
[3], ' 

the variation in [l] is — ^ dx ; 

ttJO 

»' Q'.2, 



^"W^K^-rfF-^)''^' 



Hence, the whole variation is 

but, — -7 = '^— (the increment of -P being diminished 

in infinitum,) 



also 



dx' 



3i* ~" "" dx* • 



* VarUttion^ now tts«d technically^ is not in this Tract used so by 
Euler: 



70 Resulthig Formula of Solutim, 

Hence, retaining, for the sake of homogeneity, quan- 
tities of the same order, 

^ dP d^Q ^ 

which formula will solve all questions of absolute maxima 
that do not involve integral expressions^ or differential 

d'y 
expressions^ of a higher order than dq^ or -~ ; and by- 
means, of the principle and formula stated in p. 56, will 
solve all questions of relative maxima that neither involve 
integral, nor differential expressions of a higher order 

There are two points, in the preceding process, that 
require explanation. The increment or variation f is 
attributed not to the ordinate y ory, but to j/' ; and three 
values of dV^ such as Mdx+ Ndy + P dp + Qdq, only 
were taken. With regard to the first point, the value of 
fVdx, that i&y fV^dXy from the left hand up to the 
Ordinate y, is supposed to be determined, and not to be 
affected by any change in that portion of the curve that 
lies to the right of y ; now if ^ be changed, this happens, 
prf V^dx is not afiected : for, an element of it to the 
left of y and immediately preceding y, would be, analo- 
gously to the mode of expression used, 

M^dx + N^.dy^ + P^^^K + ^x-^is 
and according to the table [a] p. 68, we should have 

neither of which quantities depend on^^ the ordinate that 
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is changed; and consequently, these quantities would 
suffer no change or variation, and therefore^ F^ dx will 
liot be affected. But, if to y instead of ^ the incre- 
ment t had been attributed, then q^ would have been 

changed, and its variation would have been -jp . 

This explanation includes, in fact, that of the second 
point : if a fourth horizontal series 

had been taken, then in each term, there would have 
been no variation from the variation t of the ordinate 
j/\ For, according to the table [a] 

y = -I ' 3 5 = J ■ , which quantities are 

independent of y. 

If the quantity V involve differentials of a higher 
order than d'y, the variation » must be attributed to an 
ordinate more remote from y than j/'\ and more hori- 
zontal rows like [l], [2], [3], p. 6s, must be taken 
into the computation. We may easily learn from the 
preceding explanation, the exact process that must be 
instituted ; for instance, suppose 

[6] dF^Mdx + Ndy+Pdp + Qdq + Rdr 



r 



dx dx'' dx^J 



then, forming r^, /', &c. as p', p'\ q, ^\ &c, were 
formed in table [a] p. 68, we have 



72 Formula of Solution when ^ enters into the Expreuionfor dV. 




dx dx' * 

dx 3^p * 

^-9^"-9'^- y'-33/"+3.<-.< 
rf^ da?* * 

now, if » be attributed to j/\ then the preceding value of 

/-, or r^ = "" flr^ y'^y^ would be affected by the 

change in r ; therefore, we must, instead of y, make the 
next ordinate, or y , to vary by the quantity », and then 
r, and consequently, fV^ dx will not be affected by any 
change in the curve that lies to the right of y : again, 
four rows like to [i] p. 71^ are sufficient; for, if we 
introduce a fifth, since y'% />''', j'% r^"' do not involve y, 
no change would be introduced in it, or its variation, 
arising from v, would be nothing. 

If the several variations in the four values of df^ be 
collected and reduced, after the manner given in p, 69, 
the result will be 

/ ^^ dp ^ d'Q d^R\ , 

which, l)y the nature of the question, that is, by the pro- 
perty of maximum, must equal nothing. 

The above mode of computing that peculiar incre- 
ment offVdxy which arises from a change in the curve 
itself, and which Lagrange technically, and for distinc- 
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tioti, called the variation, is sufficiently plain and direct. 
The rule too that Euler gives *, is only in different terms, 
the very rule now in use ; for instance, to find the varia- 
tion of y \/(l +j»*) 
take, says he, the differential of this quantity as in the 
ordinary calculus ; and then, instead of the differentials 
of y, p, substitute those peculiar differentials, that is, 
variations, that arise from a change in one of the or- 
dinates (t/) ; accordingly, the common differential being 

the peculiar differential, or variation, if (dt/)=v and 
W =7^ > will be 

In the preceding formula, /^ contains definite quan- 
tities, such as a?, y, dt/ , &c. but it may contain an inte- 
gral expression, or be of this form TfZdx : in such case, 
Euler employs a method similar to his preceding one ; 
but, the method becomes very complicated: for then 
corresponding to V would be TfZdx^ and since the 
consecutive value of T would be 2^, and of fZdXy 
fZdx+Z.dx, the quantity corresponding 
to F' would be TfZdx+T.Zdx, 

toV" T'JZdx -f T'Zdx + T\Zdx, 

and then from these expressions, dF, dF\ &c. must be 
expressed, and their values put down, such as arise from 
the variation v of any ordinate as y^"\ 



• Methodus Inveniendi, p. 33> &c. 

L 



74 Formula, when Integral Expremom are involved. 

It will be easily perceived from what is already said, 
that this process must be very tedious; and it is not 
necessary more fully to explain it, since the method^ 
with regard to its principle^ contains nothing either novel 
or abstruse, and as a method of computation has been 
superseded by another more regular and concise. 

Since *=/v/(rfar- + rf/)=/rfxy^[l+ (^)'] 

or since s is an integral. If 

dV— Mdx + Ndy + Lds^ 

the formula for the peculiar diflferential or variation of 
jff^rfarAvould be given by the preceding method ; which 
formula is to be adopted to the exclusion of those other 
given {dV having the same expression) by Euler in 
the eighth volume of the Petersburg Commentaries. 

V has been supposed to contain an integral fZdx^ 
and we may go on farther, and suppose Z also to contain 
an integral such zs^fXdx^ or ^to contain a double inte- 
gral, and so on : the methods to be pursued for such cases 
will be similar to the preceding : they will, however, 
from their complication shew how inconvenient Euler*8 
process is ; although, if we attend to its management by 
the author himself, we cannot help admiring the sin- 
gular art and dexterity with which, from a perplexed 
mass of symbols, he at length extricates compact and 
simple formulae of solution. 

Euler in the sixth volume of the Commentaries of 
Petersburg reduced problems of relative maxima and 



Relaiive Maxima reduced to Absolute. ^5 

minima to a dependance on as many similar equations, 
as the properties proposed. For instance, if the curve 
required was to possess two properties, the equations 
would be of the form R.bg-^S.ci"*, in which /S'=jR+ 
dR. But, Euler gives there no satisfactory nor general 
proof, that S=zR+dR', but contents himself with 
saying, that from the analytical process, such will 
appear to be the value of S; and if S should not be 
under the proper form, he then directs the computist so 
to reduce the equation R.bg- S.ci, that the coefficient 
analogous to S, shall equal R+dRj, 

In the present Work, however, he gives a much more 
satis&ctory proof of this important principle: the nature 
of which will be easily understood from one or two 
simj^e examples. Let 

dr= Mdx + Ndy + Pdp^ 

and let » be the variation of the ordinate y" and « that of 
y ; f and m representing quantities such as hg and ci are 
in Bernoulli's and Euler's former methodf : then since 
[see p. 68.] 

n-tzy. rf-tjit «"-.Vl=/' 

the variation of ;> = ^, of j,' = 1^ , of/' = -^ 
[Consequently, the variation oi dV.dx =i-^.dx 



• P, 37. , t Pp. 15, 3fi. 
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(tt ^^tf JM^. 
iVa + P.—7—)dx 



Hence, the whole variation is [see pp. 53, 68,] 

Now, N'^ is the consecutive value of N\ or = N' + dN' 
P"— JP' is the consecutive value of P'-^P, or = (P'- P) 

JP'— P 

+ 6?(P'-P); consequently, if we make N^ t — = 

P^'-P 

U, the coefficient of the second term, or N^ -? , 

will be R + dR. Hence, the form of the resulting 
equation, will be 

Rii + {R+dR)f. 
Again, suppose 

dF=:Mdx + Ndy + Pdp + Qdq; 

here, if the increments v and a are attributed to t/^ and 
y, we must introduce an ordinate y^ preceding t/; since 

9x ^ — T^ — * Hence, referring to the values ofp, y, 

given, p. 68, and operating as before; 

« 

variation of » =0, of » = -7— , of »'= — = — , of »''=-II-. 

^^ dx ^ dx ^ dx 
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Hence the variaf. of dV^.dx = Qcri^^^^ 






oidV.dx^(pZ--+QX-T-r^*dx 

..... oidV\dxzz(N\v-F'~^Qr.~^.dx 

or, collecting the terms afTected with «, and », the 
variation is 

(^ "^r-+-"^^^ >-^^+ (^ dT^ 

, ^ — p.dx\ where it is plain, the coefficient of 

the term involving vdx^ is consecutive to the coefficient 
of the term involving ta.dx; or is R + dR, if the co- 
efficient of the first term is R; hence, as before, the 

resulting formula is 

R.^ + {R + dR).^. 

The truth of this result may be also easily perceived 
from the form which the variations of p, p\ p'\ and of 
g, j', ^\ &c. necessarily assume from their expressions 
^ in terms of the consecutive ordinates, y, y, y, &c. 

We may here again notice the important result, 
which Euler drew from the above formula. Since R^+ 
(R + dR)y is derived from a property, of maximum or 
other, represented hy fVdx ; if another property J* Vdx 
be added, a similar equation, Q»+{Q + dQ)y may be 
derived : and exterminating v, the resulting equation is 

R + aQso; that is. 
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if F=Mdx + Ndy + Pdp + &c. 
and Y^ fA.dx+v.dj/ + ir,dp + 8cc. 

we shall have /l+aQ= (at- ^+&c.) +a(» - ^+ &c.) 

,,;. V d(P+aT) ^ 
= (Ar+ flf) ^ ^^ + &c. ; 

that is, the same formula that would result^ if the pro* 
perty proposed had been 

fVdx + afY.dx. 
By this, all questions of relative are reduced to those of 
absolute maxima and minima: for, similar reasonings 
and properties hold, when the curve sought instead of 
two, has three, four, &c. properties : and if such pro- 
perties be expressed by 

fVdx, fVdx, fWdx, fUdxy &c. 

then we must solve the question as one of absolute 
maximum and minimum; and inquire, what the 
curve is that has the property expressed by 

fVdx + afYdx + hffFdx + cfUdx. 

Euler, besides the cases already mentioned, solves also 
those, in which V contains quantities, neither determi-t 
nate such as x^ y, j», &c. nor integrals ; but expressed 
solely under the forms of differential equations. What we 
have given however, is sufficient to explain and illustrate 
Euler's method. The results of that method are, for thc?^ 
practical solution of problems, under a most convenient 
form. On that head there is nothing to desire. Neither 
is there any want of perspicuity in the principle or in the 
conduct of his method. It is the length' of the opera- 
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tions attendant on his method, the want of mechanism in 
his calculus^ that are objectionable *. These inconveni- 
ences Liagrange removed : but, as in such cases it not 
unfrequently happens, whilst he rendered the process of 
calculation more expeditious, he deprived its principles of 
a considerable portion of their plainness and perspicuity. 



* Euler^ we learn from the historical account prefixed to vol. X. 
of the N<yoi Comm. Petrop,, was sensible of the inconveniences of his 
method : ^* Interim tamen ipsa methodus, etiamsi totum negotium satis 
expedite conficiat, tamen ipsi non satis naturalis est yissl, propterea 
quod vis solutionis tota in consideratione elementorum curvee investi« 
f gandae erat posita» ista vero quaestio facile ita adomari possit, ut ex 
geometria penitus ad solam analysin puram revocetur, &c . • . Tametsi 
autem auctor de hoc diu multumque esset meditatus, atque amicis hoc 
desiderium aperuisset tamen gloria primae inventionis acutissimo 
Geometrae Taurinensi Lagrange erat reservata, qui sola analysi usus 
eandem plane solutionem est adeptus^ quam auctor ex considerati* 
ombas geometricis elicuerat/' Novi Camm. Petrop. tom. X. p. 12. 



CHAP. VI. 

Lagrange's Memoir — Use of an appropriate Symbol to denote tlie 
Variation of a Quantity — ^^ Rules for finding the Variation — New 
Process of deducing £uler*s Formulae — Invention of new Formulae. 

In the preceding account of Euler's memoir, it can- 
not have escaped notice, that some ambiguity and much 
circumlocution took place in describing the process of 
finding that peculiar increment which depends on the 
quantity v, by which the ordinate y or ^ is increased. 

These inconveniences Lagrange obviated by a simple 
invention ; that of a symbol such as J * ; which, analo- 
gously to the symbol d of the differential calculus, was 
to be the means of representing either a quantity or an 
operation. Thus, the quantities v and u, by which y 
and t/ are increased, are symbolically denoted by ij/^ it/ : 
and 2A d \ii d {ajf + hyf^) signifies, that the operation 
of taking the dififeretitial of ajf^ + hj/"^ is to be made ; so, 
^ in ^ {ajf + hj/'^)^ signifies that the peculiar differential 
of ay^l + bj/"" is to be taken, when instead of rfy, dr/ ; » 
and «, or iy, Ixfy are to be used. 



^mm 



* *' Mais avant tout je dois avertir que comme cette methode exige 
que les m^mes quantites varient de deux mani^res difierentes, pour ne 
pas confondre ces variations j'ai introduit dans mes calculs une nouvelle 
characteristique ^** MiscelL Taurin* torn. IL p. 174>.. 



Similarity between the Differential CaJcului and that qf Variations. 8 1 

With this change in the system of symbols, and with 
certain changes in the processes of establishing the fun- 
damental formulae, Lagrange called his method, a new 
method of determining the maxima and minima of inde- 
finite integrals. But Euler, resMning the subject in the 
10th volume of the New Commentaries of Petersburg, 
p. 5'4, called it by a name which still adheres to it. 
The Calculus of Variations. 

The variation ofay"* + 6y"* is nay^^K ty + m bi/"^\ii/. 
For if we recur to the problems solved by Bernoulli and 
Euler *, we shall find the difierence of two contiguous 
states of a quantity at its maximum or minimum put 
equal to nothing ; not indeed the whole difference, but 
the first term of the difference ; for the terms involving 
(6n)% {coy, &c. -f- are neglected. Now, the difference in 

that example, is ■■ »> , . tttti — i— r; Pb or y being 

^ ' \/Jt^b V{Pb + bny ^ ^ 

increased by bn: if y had been increased by rfy, the first 

tenn of ^ - ^^p^^^y) would have been the 

common difierential ; consequently the peculiar difier- 
ential> that which is now to be called the variation, differs 
from the common difierential, pnly inasmuch ^sbn or v 
or iy takes the place of dy. The process then for 
finding the coefiicient of the term involving b n or iy, is 



♦Pp.7, S3, &c. fF.l9. 

M 



8^ Rtdes /or finding the Variations of 2ua7Uiiies. 

precisely the same as that for finding the coefficient of 
the term involving rfy ; that is, for finding, what tech- 
nically* is called the differential coefficient. The rules 
must consequently be the same: in other words, the 
rules of the diflerentiif calculus, become, with the 
alteration pointed out, those of the calculus of variations. 

Hence * (y**) = w^'*"■^ *y, which is the first term of 
[(jZ+^I/T-i/^^ expanded. 
Again, *(ay* + iy)^= i («y*+ hy^y^.{2ay + Aby^)iy, 

If ix be the variation of x\ then since the 
differential of xy, or d{xy) is =ixdy + ydx, 
the variation Qfxy, ori{xy) is =xiy + yix. 

If we take the example, p* 73, 

m p. t)8. p - ^^ -rf^. 

" ^ dx dx ^ dx dx 

^encB, ip Jjl or J-^ , 

If V — 031? y/{l H- y*) hyp. log. pyc ^^ 

[e = number whose hyp. log. = 1,] 



•*■«■ 



• Princ. Anal. Caic. p. 74.. 



Saatuples, to preceding Rults, g$ 

therefore putting M, N^ P, Q, for the coefficients of the 
terms involving dx^ dy^ dp, dq, we have 
i Vr=i M. ix -f N,iy +P.ip + Q.iqy or expressing M^ N, 
P, Qy as partial diflferential coefficients *, 

Hence, generally, whatever be the function f^y 
if dF=Mdx+Ndy + Pdp + Qdq+&cc. 
then iVz=:Mix + Niy + Pip + Qiq + &c. 

Since the processes for finding the differential and 
variation differ only in tiie symbols rfy, iy^ which are 
arbitrary ; it is plain, if both operations are to be per- 
formed on an analytical expression, that it is matter of 



• Piinc* Anal. Calc. p. 79. 

f This rule is not only in the first solutions of Isoperimetrical pro- 
blems^ virtually acted upon, but expressed. " II faut bien remarquer 
que la difference des fonciions de deux lignes comme RO, RT 
(y»y'iriy) <iui ^ surpassent d'une quantity TO infinitement fetite 
du second genre, Se trouve en differentiaiU simplement la fonction de 
RO, et en multi pliant par TO {)f/) ce qui en vient, ayant omis les 
di^Terentielles. Par e^emple^ si RIl(Y) fonction de ^0 {y) etoit 
seulement la puissance n de la m^me RO {^y\ en quoi consiste le cas 
de mon fr^re, c'est a dire, que si )a courbe BH etoit une parabole du 
degr^n, alors LM {^Y) ou RO^-^RT^ I(i^+^^) — ^**] seroit=3». 
UQn— 1 ^ yo (ny*— ^^j^).** John Bernoulli. Acad, des Sciences, 
1706, p. 236 ; also Opera, torn. I. p. 424 ; and Euler, Methodus 
Inpeniendi, p. S3, &c. giv^s the very rule and method for finding ths, 
variation, which Lagrange invested ¥rith appropriate symbols^ 
[see p. 73.] ' 



84 ' Order of the Symbols d^ }, changeable at Pleasure: 

indifference, which operation is performed first : or, if the 
symbols rf, i, meet together denoting operations, we may, 
at our pleasure, change their order: for instance diy 
and idi/ are alike significant ; for dij/ means the first 
term of two successive values of ij/, or = i {y+dy)'-iy 
^iy + idy^iy:^idy\ again, if V for instance be a 
function of y ; then 

'^"rf^-*^^ andrf^r=^.rfy.*y; 
.-. idVzz diV, 
or, in a particular instance, when V=:y^, 
d (y") = r^ term of [Cy+rfy)'*-y] = ny''-\dy 
U{xp) = r^ termof wrf^x [(y + ^yf-y**"*] = 

nin-'Xyy^.dy.iy, 

i{ir) = 1'^ term of [_{y -^ iyY - if^ = ^iT'^^y 
diiy"") = !•' term of niyx [(y+%)''^'-3/'^'] = 

^{n-\)y''^.iy.dy^ 

:. id (y-) = di (y-). 

And, by similar processes, d^iV::^ W*^= iddV = dtdV 

d^iF:=zid?V^did'F^d'idV. 

This rule is> in Lagrange's method, of the greatest 
importance ; it is an essential part of it. Amongst other 
uses, it enables us when an integral is concerned, to 
introduce the s3rmbol i within the symbol (/) of the 
integral: thus, since the symbols d sxidf indicate re- 
verse operations. 



also of the Symbols i, f. 85 

r^^d/F; ••. *r= idfF== [by Rule, p. 84.] di/F. 
Hence, taking the integrals on each side 

fir = fdffr^ifF . . . [a] 

This result may be easily extended to double and 
treble integrals : for if F=f fF, then iV^ifW=fiW 
by [a] ; 
.-. JiV=SfiW'. hnt fiV=ifP^= if fW, consequently 

iffW^ffiW. 

Before we proceed to explain the last improvement 
made by Lagrange, we will give, under the symbols of 
his new Algorithm,,^ another solution of the hrachysto-- 
chronej [see pp. 4,9,] 

Let AC^y, BL^yf, QL^ds, LD^dsT, OA^x, 
OB^af, gz=:32i feet; then the velocity = \/2gx. 




ds 



ds' 



ence, ^j^^^^ . x/{2gaf) 



= a mmimum ; 



v/a? s/ oH^ ^ 



but if^=v/(Jx*+rfy'); :. dis=z^^^^ and dS^ 



ds 



86 Braehystochront solved in the SymboU qf the Calc. qf Variat, 

KD^AC+dy+di/% 
.% since JS^Z) and AC are not changed in the trans- 
lation of L to G, rfy 4. dj/ is constant ; /. diy = — rf jy, 

and substituting in [a] ,1.1. , ^. - = ^ / / j = a constant 

quantity, the property of the cycloid. 

This solution is on the same principle, as the first 
and second, but is less peculiar and geometrical than 
either ; instead of the similar triangles in the second, 
one of the processes of the new method above described, 

has been used. 

■« • 

The rules in pp. 84, 85, relate to the second improve- 

mentmade by Lagrange in thecalculus of variations which 

we shall now describe. If we refer to the method which 

dP 
Euler used for deducing the formula, iV— -7— + &c., we 

shall perceive that its length and complication arises 
from the integral fVdx being broken down into parcels 
and elements Vdx, F'dx, &c. and from the calculation of 
the variations in the difierential expressions tliat represent 
dF, dV\ dV\ &c. [pp. 68, 69.] 

Lagrange precluded the necessity of this resolution 
di fVdx into its elements, by combining with the 
preceding variation processes, an integral process. This 
will be understood from the solution of the following 
problem, in which it is required to find an expression for 
ifVdx^ f^being a function of x, y, p^ q, r, &c. the law of 
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the formation of^, y,r, &^'- being /i=^, g=^, r^^f* 

&c. 

ifFdx:=fi{Vdx) [p. 85. 1. 3.] ^fiV.dx^fVdix. 
•Now on the principle of this ioreaxIXz^ fxdy^xy-'fydx 

fVdix^ F.ix-'fdV.ix. 

Hence, ifVdx^F.ix+f{iV.dx^dV.ix) 
Now since iF=zMix + Niy+Pip + Qfq+&cc. 

if dF=Mdx + Ndy + Pdp + Qdq + &cc. 
iF. dx - dF. ix = N{iy .dx-dy Jx) + P{ip.dx -*dp . ix) 

+ Q {iqdx^ dq.ix) + icc. 

= Ndx {iy - p.ix) + Pdx{ip-qix) 

+ Qdx{3q ''rix) + 8LC. rsincej9=T^, g^s*-^, &c.). 

.-. fp — qix =^'y — {diy^pdix—qix .dx) = 

1 1 

-^dffj- pdix '^dp.ix)^-j-.d{iy'-'pix) 

Now since the quantities j», j, r, &c. are formed after the 
same law, the same relation that subsists between ip^qix 
and iy — p ix, must subsist between iq — rix and ip — qix, 
and so on; but the relation between the two former 
quantities is thus expressed : 

ip-qix^j-J.{iy^pix) 
.-. iq-r»x^^^d{ip^qix)=:*^.d'{iy-^pfx) 



* dx being co^staDt, otherwise =— d—.dQy^p^x). 

ax QiX 



88 Formula for the Variation qffVdx. 

Hence, for the purpose of abridgment, putting 
iy —pix = J«, we have, 

4 

But by Formula, p. 87. 1. 3. 

fQd^f» = Qdfm-fdQdfm = Qdftt-dQJ»+fd:'QJm 
fRdiu = Rditt -fdRd'iv, 

= Rd'fu-dRdfu+fd'RMtt, 

= R.d'iu - dR.dS» + d^Rim ~fd?R . im. 

Hence, collecting quantities involving like symbols, 

• dP d'Q. d^R 
ifFdx = Vix +fdx.i0(N- ^ + 3^ - 1^+ &C-) * 

+&C. +jsr. 

The quantity K represents the sum of the corrections 
introduced by the integrations. 



* 7"' "T^f ^^* ^^^ °^^ partial difierential coefficients, but the first, 
second, &c. entire difiTerentials of P, Q, &c. divided by dx, dj?, Sfc. 
respectively. Theyought in strictness, to be written -j^^dP^ ^•^^«^* 



Formula vJien the Variation is taken between two Limits. 89 

If jp be supposed to have no variation^ or if Jj?=0, 
then i»=ziy—pix=^iy ; and consequently we shall have 
the variation diifVdx by omitting in the preceding form 
ViXy and writing iy, diy^ &c. instead of ^«, dita^ &c. 

The preceding value of the variation may be sup- 
posed to be taken between two limits corresponding to 
values a, and h, of x. Let y^, P^, Q^, &c. be the 
I values of y, P, Q, &c. at the first limit when j? = a ; and 

and y,, P,, Q^, &c. when x = b\ 

then, i/Fdx^ ^i-^^x - ^o-*^o 

^, ^ /,^ dP d^Q « \ 

If at the two limits a? = a, a?=sJ, the values o( y^^y^ 
are given, then ^«,, i^^ are both equal to nothing, 
{since is0 = fy - pfx) ; and in this case the variation of 
fVdx is reduced to the quantity under the integral 
sign (y*), which, in the case oi fVdx^^ maximum, 
since ifVdx^O, must equal nothing ; or 

^^ dP . ef Q d^R ^ ^ ^ 
This last fbrmula, is that which Euler, by the method 



90 Definite and Indefinite Parts of the Formula. 

described in the last Chapter, arrived at * ; and it is here 
deduced on his hypothesis of the evanescence of iy^y 
*y„ &c. 

dP d^Q 
The formula A^ — 7— + -j-^— &c. is not, how^ever, 

dx dx* ' 

equal O, solely in the case when ix^^ ix^, iy^, iy^, are 
equal O, but also, vt^hen these are, from certain equations, 
assignable quantities. For, the formula [-^«] p. 89, is 
composed of two parts : one, affected by the integral sign, 
expresses the sum of all the separate variations throughout 
the whole extent of the curve or integrated quantity; 
the other part, independant of the integral sign, is 
affected only by the variations at the extreme points, and 
therefore cannot by any combination with the other, 
(which by changing ix and fy may be varied at will) 
form a sum equal to nothing. Hence, since ifVdx 
must = O ; each part separately, the one under the inte- 
gral signy, the other not affected by it, must = O, 

M. Lagrange is the inventor of that part of the 



• Methodus Inveniendi, &c. Prob. V. . Lagrange, MiscelL Taurin, 
torn. II., says, " Mais les formules de cet auteur (Culer) sont moinsge- 
nerales que les notres 1* &c. — 2**, parcequ'il suppose que le premier et Je 
dernier point de la courbe sont fix6s, &c.'' Euler also, in his nnemoir 
subsequent to Lagrange's [iVb&z. Comm. tomX. p. 110.] acknowledges 
that his first formula did not contain the absolute or definite parts in* 
volvinec lu, d^uy &c. " Nv<;que tamen hae partes absolutae fcustra sunt 
inventae, sed singularem praebent usum, ad quern methodus mea prior, 

dP 

quae tantum aequationem ^— -; — |-&c.=0 suppeditavit, minus est ac- 

commodata; quam ob causam haec methodus iili looge est anteferenda.^ 
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general formula which is not affected by the integral 
sign. Its use, as it will be shewn hereafter, is great and 
extensive : without it, the solution of problems would be 
incomplete ; for, Euler's formula, that under the integral 
sign, merely determines in general terms the relation of 
X and y ; undoubtedly the chief, but not the sole object 
of search. 

We will now proceed to that, which, in fact, is 
Lagrange's second problem*. 

It is required to find an expression for fVdx, in 
which dV=- Tdt, dt not being similar Xody, dp, dq, &c,, 
but determined by this equation t = rZdx. 

By p. 87, ifFdx = Fix +f{fF.dx - dF.ix) [l] 

but tF=TMi .'. fFdx- dF.ix=Tdx.ft - Tix.df. 

again, by [l] ft=:ffZdx=Z.ix+f{iZ.dx~-dZJx); 

.-. Tdx.n - TixJt = TZ.dx.ix - TZ. dx.ix + • 

Tdxf(iZdx-dZix), 

= TdxfiSZdx -dZ .ix) 

and /. ij Fdx=Fix+fTdxfi:iZdx'-dZix). 

Now by virtue of this iorm\i\z.f{vdu) = vu—f{udv), 
if A be put =fTdx, the latter part of the value of ifFdx 

is, hf{iZdx - dZix) - fh (iZdx - dZix) 

AlsobyForm [A], p. S6.ifdZ=Mdx+Ndi/ + Pdp+&c. 

hf(iZdx -dZix)= hfdx • *« (-^ - ;^ + ^ - &c.) + 

h.L .... [2] 



* Miscellanea Taurinensia, torn. II, p. 183, 
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and/A (iZdx - dZix) =» 

{Ly ll being put for the definite parts,) 

Subtracting this from [2] and adding Vix^ we shall 
have the value of ifVdx. 

In general, it is required to find the whole variation 01 

fVdx from a: = 0, for instance, to a? = a. In such case, let 

the whole integral of Tdx^H\ then the part [2], of the 

variations Hfdxin^iN--^^^^ kc.^ + HL 

=/*,,.(«Ar-^> +^ - &c.) + HL 

For since ^Tisconstant, HfN=fHN, and H.dP = d(HP) ; 
subtracting therefor^ as before, [3] from [2], w^have 

»fVdx=Vix 
W -,((^-A)P-^i^*)«+&c> 

+ &C. 

If we put jfiT— A, that is, H-^fTdx = ky and suppose 
tXy itdy the variations at the limits, to equal nothing, we 
shall have 

iJFdx^fdxJ.(kN-.^+^--^^-&.c.) 



Application qfhit Formula to particular Cases. Q3 

which is Euler's formula, Mrffewf. /nyeme«<fe*, &c. p. 9l» 
and the subject of his third Chapter. 

If dF=iA.dx+f.^+w.dp + kc. + Tdt, 
which is Lagrange's case. Misc. Taur. torn. II. p. 183. 

f/rdx = Fix +fdx . *« (v - j^+&c.) . . . [C] 

+fdxi» (kN-^^+kc.) 

+S, 
S being put for the sum of the definite terms. 

If dt = ds = \^{dx'+di/*) and dF=i*dx+vdif+Tds 

ifFdx^fdximlt- ^ v^Ii±£y J .. [Cc] 

not taking account of the definite parts ; 

YoT,dt = ds=dx\/{\+p')=iZdx; .:Z=^{l+p') and 

dZ= — 77^-; — r; .dp ; which, compared with the value of 
dZ [p.91,] gives iV=0, P=-^^^£_,Q = o,&c. 

Hence, in the case of maximum or minimum, since 
ifVdxzzOy there results this equation of solution, 

,.dx-dQH-fTdx-]^^j£^^^o, 

whereas Euler, NoviCoihm. torn. VI. p. 141, gives this 

t+ T-TT-^— rr = 0. 
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t answering to My T to L^ and y T . a\ b^ing = J 

= ^. 
ds ' 

This is the case before alluded to [p. 6l.] ; when it 
was remarked that Euler's formulae contained in the 
sixth and eighth volume of the Petersburg Commentaries, 
were erroneous, when V contained an integral ; which 
integral in the above instance is s. 

In the third problem of Lagrange [p. 185.], it is re- 
quired to find the variation oi fV when V is given 
simply by a differential equation involving no differentials 
of V higher than the first. 

Let dV — X.dx+ Udx =0 be the differential 
equation, X being a function of x^ y, jo, y, &c. and U 
a ftinction of x, y, p, y, &c. and of V\ then taking the 
differential, and supposing dx to be constant, 

+'Tp*dF.dx^Oy 

or d^V — dtp.dx + -rp'dV.dx = o^ . . . . [«] 

Substituting dtp for the collection of terms involving dx^ 
dy^ dpy &c. Hence, if instead of deducing the diSe- 
rential in the last operation, we suppose the variation to 
be deduced, 

diF -^i(p.dx+ TJFJx = O [^=-^] 
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multiply by x, and x dif^-- (xip )dx + {\ T.iV) .dx = 0, 
or, d(xiV)^dxJV'' {\i(p) dx+{\T.iV).dx^O • . . [6] 

Assume the sum of the second and fourth terms to = O ; 
.\d\- \T.dx = ; and — = Tdx, and integrating X = e^"^ 

A 

[e = number whose hyp. log. = 1 .] 
Hence substituting this value of x in the sum of the 
first and third terms, 

ef^'^.iV^fe^^'Mp.dx', 

. .-. fiV or ifF = fe-^'^.fe^'^'^.ipJx. 

Euler, by a diflferent process^ solves this problem in 
the third Chapter of his treatise on Isoperimetricals. 

Euler, however, stopped at this problem ; and did 
not, as Lagrange has done, proceed on to those which 
besides rf^, involve rf*^ d^Vy &c. Suppose Z7to be a 

dV 
function of j?, y, /?, &c., V and of -7— ; then in taking the 

differential [a] p. 94, of the equation dF— Xdx+Udx=sOy 
an additional term-j-.d^F(v = — ^ will he introduced, 

JWT 

and consequently in the variation, this term -y-.diV-y 

therefore when the equation is multiplied by x (for the 
same process must be used,) there will be an additional 

term xT'MF (^r=z~^)=.d(xT\iF)- d{xT)xtr; 

/. equation [6] 1. S, would be 
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d{\iF)-dx.iV^\i(p.dx+{hT.iF) dx+d {\T\iV) ^ 
d{xT)iF. 

Hence, making the sum of the 2*, 4% and &^ terms = O, 
- d\ + x.Tdx - d{xT) = . . . [c] 

and d [(x + xT)»F^ - xipdx = [rf] 

in which two equations, X must be deduced from the first 
and substituted in the second. 

The process is the same if U besides a function of 
the former quantities, is also a function of d^V\ for then in 
the equation of variation there would be introduced a 

term T'.d'iF (j" ^^, •• = S) ^ ^^ consequently 



in the equation multiplied by X, a term = xT'\d^iF^ 
d {X T'diF) - d{xT') MF^ d {xT'MF) - d\xTyf^ 
+ d'xT'xfF. 

Hence the equation [c] l. 4. will become 

- dx +x.Tdx - d(xT) + d'.{xT'')=sO, 

and the equation [d] 1. 5, 

dl{x+xT-- d{xT'))iF^-^d{xT\diF)^xipdx^Oi 

and similarly, if differentials of a still higher order are 
introduced. 

In the preceding cases, the maxima and minima 
depend on a function of one variable quantity alone : but 
a variable quantity z may be introduced, a function of 
two others x and y. For instance^ suppose it were require 
ed to find amongst equal solids, that which is bounded 
by the least surface^ (which is the problem ^ven by 



^^=(S)''^+(J^)-'^^ 
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Lagrange in his first Appendix, p. 188.): then, if the 
points of the surface be referred to three rectangular 
co-ordinates x^ y, «, we have 

yr-j i vX") ' ^^^^Z ^^ partial differential coefficients *, 
we have also the solidity =^ffz . dx . dy, and the surface sss 

the integrals being taken^ first relativelyto a?, then relatively 
to y. The problem therefore analytically expressed is 

[a] ffi{z.dx.dy) 

.imilTly /0*($) = Q I -•^^'''- 
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• Princ. Anal, Calc, p. 79, 

a 
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Hence the equation [a] p. 97- !• 1^* '^^^o"^^ 
ffdx.dyJz-^-afPdy.iz + afQdx.iz 

- affdx.dy -^Sz — affdx.dy -jr- iz =z O. 

Hence^ making the sum of the second and third 

terms^ which are affected with one sign of integration, 

and belong to the extreme points of the curve surface, = 

Prfy+Qrfa? = 0, and consequently the remaining 

terms = 0,or, i-a.^ ^ a.^^ = O, [pj 

now the condition under which 

Mdx + Ndy 

is a complete differential, is this ^ 

dM ^dN 
dy "" dx 

Hence, putting iV= j? — aP, M=:aQ^ we have 
dQ ^ dP , dP dQ ^ 

which is the equation [p] 1.8.j hence, (x-aP)dy + 
aQdx is a complete diffe^en^ : but that, dz =-r-rfa? + ^^y 

may be real, -^dx -h-p dy must be also a complete 

differential ; that is, ^ — r- must == ^ — y • These two 

dx.dy dy.dx 



• Woodhouse, Princ. Anal. Calc. p. 88 : also Euler, Calc. Int. p, 315. 



Portion of a Sphere satisfies the Ckmditiom of the Problem, gg 

conditions therefore must be fulfilled^ in order that the 
problem may be solved. 

If r be the radius of a sphere, and «, 13, y, the three 
co-ordinates of its center, 

dz 1 . \ ji dz 1 / /%v 

/. (putting for «— y its value) c — T"=^ — T~ ^^^ ^^^^ 

dition therefore is satisfied: 

again P=^-^, Q=^^^; .\{x ^ aP) dy +aQdx^ 

(l - -) xdy +- yrfj? + -^% ^.dx : which is a com- 
plete difiefential, making 1 — = - ; /. the portion of 
the sphere corresponding to Xy y^ 2, satisfies the problem. 

The formulae of solution, on which the nature of the 
curve, or the relation of x and y , depends, were all, ex- 
cepting the two last, invented by Euler. To Lagrange 
belongs the merit of having deduced them by neater 
processes. The latter author, however, is the sole 
inventor of those definite and absolute formulae [see p. 88. 
1. 13, 14.] which are requisite for the complete solution 
of Isoperimetrical problems. 

In his first memoir, Lagrange seems not exactly to 
have comprehended the nature of these definite formulae. 
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He drew some conclusions^ which the Chevalier Borda ♦ 
proved to be not general. These defects, however, 
M. Lagrange remedied in a subsequent memoir in the 
fourth volume of the Miscellanea Taurinensia : and 
without acknowledging the detection of the defects, or 
rather, with a faint endeavour of denying it, extended 
his formulae, more accurately applied them, but con- 
firmed the truth of M. Borda's results. 

In the same memoir L?igrange considers the subject 
tinder a new point of view, and gives a method of solu^ 
tion including all his former ones. 

The substance of Lagrange's first researches on this 
subject have been given, with some deviation, not essen- 
tial, from their mode. Euler's last manner t of treating 
the subject has been followed. That is commended and 
adopted by Lagrange in the latest of his publications :f . 
In the same Tract he has resumed the consideration of 
the general problem, and deduced formulae applicable 
to all cases. 

This last method of Lagrange^s is distinguished 
rather by its mode of treating the question, than by any 
thing novel in its principles; and therefore, it will be 
separately considered in the following Chapter, which 
the Student who hastens towards the end of the inquiry, 
may, without inconvenience, pass over. 



• Acad, des Sciences, 1767. t J^ovi Cojim, Petrop, torn. X. p. 51. 
J Legons sur le Calcul des Fonctions, 



CHAP. Vli. 

Lagitmge's general Method of treating Isoperimetrical Probletois-^ 
Equation of Limits— Cases of relative Maxima and Minima re- 
duced to those of Absolute. 

Let ^ be a fiinction of x, y, p, q, z, j/, (/, &c. 

_dy _ dp , _dz , _ d£^ 
P-1^' ^"dbi'^ ~di' * -dx* 

and let dF = Mdx + Ndi/ + Pdp + Qdq + &c. 

+ t.dz -v.ir.dp' + v.dc[ + &c. 

.L f ir »T dP d'Q . 
then. If r=iV-^+^-&c. 

ax 
&c.= &c. 

Z' = »• - -r + &c. 

ar 

Z*= <r - &c. 

we shall have, by processes already described, [pp. 87, 88. j 
ifFdx = Fix +fdxJu.r + fdxJo>'Z 

+ Y"M»-\-Z".dSvi 
+ &c. 
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Hence, in the case of a maximum, when ifVdx^Oy 
Y.i^ + Z.J«' = 0, 

or Yiy -t Zi% = O, if ix = O, since [p. 88,] 
iki =s iy ^ ptx^ and J«' =: iz - p\ix 

If y, z, ^re quantities independent of each other, 
then, F = 0, and Z = 0. 

But, if the quantities y and z are connected together 
by an equation, such as f (x, y, 2) = 0, or ^ = O, 
then, supposing x invariable, we have 

which combined with the former equation p. 3.] gives 

^dlV „dW 
dz ay 

The same result will be obtained, if j? be Supposed 
to vary; for then 

dW ^ . dlV^ ^ dW. 
dx > dy ^ dz 

which combined with the common differential equation 
dW . , dJV . dW . 

dlF /^ dy ^ \ dW/^ ^« * \ 
which combined with Via + ZJ«', gives 
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JT .— 5— — Z.-T- = 0, as before. 
d% ay ^ 

Hence, this conclusion follows ; that the variation of 
X in no wise affects the general equation of maximum or 
minimum, but solely the equation at the limits. 

The equation at the limits depends on the parts of 
the formula for ifVdXy which are definite and freed 
from the integral sign, and is 

+ Y\ . i», + Z\ Ju\ + &c. 

Vj, V^i ix^ , ix^ , &c. re{»esenting the values of V, iXy 
&c. at the end and beginning of the integral. 

Instead of ehminating i», ivfy by the combination of 
the two equations [p. 102, 1. 19, 20.] we may multiply 
the latter by an indeterminate quantity A, add it to the 
first equation, and then determine the resulting equa- 
tion, by the elimination of A; thus 

dfV dW 

r.*»+ Z.im' + A~.<r« + A^^« = 0. 

dy dz 

Eliminate A from the two equations 

T^. dlV , ^ dfV 

^+^"57=^^ andZ + A^=:0, 

andtb^re result^, as before, 

dz dy 

which combined with /^ssO, will give the values of y 
and X in terms of X. 
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This last method extended, will afTord a general for- 
mula of solution ; for, suppose ^to be a function, not of 
Xy y, Zj only, but also of the differentials of these quan- 
tities ; that is, suppose 

dfF^ M\dx +N\dy + P'.dp +Q\dq +&c. 

-f v.dz +ir.dp^ + <r\d^+icc^ 

(r)=^i>•-^+&c. 

&c. 

(z) = M'- i^ + &C. 

&c. 
then we shall have 

i/rdx + 9f(xfr).dx = (r+xfr)jx 

+ f[r+(r).dx.it,']+fiz+(Z)dxi^ 

+ [r'+(r)]#«+[Z'+(Z')]*i.' 

+ &C. 

In this formula since fF=: O, \fV.9x = 0, and since ^«, 
it/ are independent quantities, we have, on principles such 
as have been already stated, 

r+(r) = o, z+(Z)=o, 

whence A is to be eliminated ; and then by the aid of the 
equation of condition ^=0, y and z are to be deter- 
mined in terniB of x. 

This method comprehends all the former ones which 
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were separately instituted [pp. 88, 92.] to detennine the 
variation oi fVdx. 

Ist. When dV contains merely a?, y, ^j, q^ &c. and 
no relation is assigned between x, y, z, then the equation 
^= O is not introduced, and the formula becomes 
r=0, Zs:0; 

Tyr dP , d'Q , 

2dly, If ^ contains an integral expression; that is, if 

dr= Mdx + Ndy + Prfp + &c. + Tdt, 
in which t =zfSdXy then the equation of condition ^= O 

becomes dt- S.dx^Oy and consequently^ (^ — S\ dx 
= a. Hence, substituting t for ;k, we have 

^ rfa: ^ dx* ^ 
Z = T [since » = 7", r = 0, &c. J 

[if <;^=il/'.rfa! + iV'.rfy + &c.] 
(Z) = -J- [since »' = 0, 9r'=l, <r' = 0, &c.] 

hence we have from the equation Z + (Z) = o. 

r - ~ = O, whence, x ^JTdx^fTdx- H, 

lifTdx^Hy when A=0: substituting this value of A in 
the equation Y + {¥) =0, there results 

p 
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+ &C. as before, p. 92. 

3dly, If dV^ip.dx + U.dx^O, and Uis a function of 

dF 
V, this answers to the equation i^=sO, and ^="3 — ^ 

+ U, and rf/^= 71 rf^+ rf. ^ rf^ ; instead of «, consider 

f^ to be the variable quantity, then in 

dfF=^d(p + t'.dz + ir'.dp' + &c. / = 2; w = 1, 
the other coefficients being O ; 

Hence, F = O, (F) J^i^^ -^^^^ + &e. 

Z = O, (Z) = .r-^; 

.-. Z+ (Z) = o, or X r- ~ = 0, whence x= c^™* as before, 
p. 95. 

The same method applies to equations in whidi 
higher differentials than the first are involved ; iot xst- 
stance, to equations such as 

,„ ^F . d^V dV 

'^3F+'^-rf5+'-S- + * = »- 

In the variation oi fVdx^ the parts under the in- 
tegral sign, that is, jr+(l^), and Z+{Z) equal nothing; 
there remains therefore, supposing tx=^0, 

ifVdx = [r + (F)]^ + [Z + (Z)]te 

+ \_r'+ (JP)]% + [Z' + (zojrf*^ 

+ &c. 
which expression must be substituted in the equation of 
limits, that is, in 
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putting UszfFdx. 

At the limits^ there may be particular relations 

between x and y ; for instance^ it may be required to 

draw the brachystochrone between certain curves. Let 

L=Ohe the equation to the curve at the first pointy and 

M^O at the last pointy that is^ let L be a function of j?^, 

y^, and Ma function of a?|, y, ; then 

dL . dL ^ ^ , dM. ^ dM. ^ 
5J-*^o+-3^-^o = O, and ^ix^^ ^'y.=^' 

and since^ by taking the differential equations/ we have 

dL J dL J ^ J dM J . dM J 
5F-^^o+-3y*rfyo = 0, and ^dx,+^dy, =. 0, 

by elimination^ there results 

from these equations, and from the equation of limits 
*?7, — *C^=0, which must contain ix^^ tx^, iy^^ iy^^ 
the values of ix^^ iy^ must be eliminated, and the result- 
ing equation will determine the conditions of the problem 
that must be fulfilled at the limits. 

The same conclusion will result, if, instead of an 
elimination, we multiply the equations JfL = o, iM=o 
by two indeterminate quantities A, /*, and then add them 
to the equation of limits, which will become 

tU, - iU^ + xiL + ji**M = o. 

This equation will contain terms affected with ix^y 
ix^^'iyoi ^y„ the coefficients of which are separately to 
be made equal nothing. 
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The origin of the abscissas and ordinates (when the 
discussion is concerning curves) is supposed to remain 
constant; but, it may be supposed to vary, which will 
be equivalent to the hypothesis of making quantities, 
such as a, 6, contained in Vy to vary. In that case, if 

we have, a, uJf. and iV = ^&c. A Jf , and 

dx ay da 

dV ... 

J5 = -^ J and consequently the variation ifVdx will = 

P,.^x(iV - ^ + ^. - &c.) 

+fiadx.A + fihdx.B 

•f &c. 
now the equation to the curve depends on the equation 

dP d*Q 
N — -T- + ^-5 - &c. and the additional terms iafA dx, 

CLX UX 

dV rdV 

ihfBdXy or ^o^f-rr dx, ^^J-js dx, will ajSect the equa- 
tion of limits. 

. If a? = a< — a, then ix — ic[f — ia\ therefore, if xf be the 
same, Jx= — ^a; consequently the term Aia, introduced 
by reason of the variation of the origin of the co-ordinates, 
will be affected with a negative sign. 

The methods described in this Chapter comprehend 
all cases belonging to absolute maxima and minima: 
they extend also, if we employ Euler's reasoning *, to 
relative maxima and minima ; or independently of the 

• See p. 78« 
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last author's method, which maybe thought not perfectly 
satisfactory, they may be extended by the following 
process, which is Lagrange's. 

Let u be the fimction, the integral of which is, to 
have, within the assigned limits, a determinate value. 
Let s be its integral, then ds-udx^O; consider this to 
be an equation of condition, such as Z/=:0 ; then, since 
xi^L was added [p. 107.] to the variation oi fVdx, we 
must now add 

xi{ds - udx) ..... [a] 
the first of this, Kids=:xdisz=id{xis)-dx.is\ a term 
therefore — £? A. ^5 will be introduced under the integral 
sign, which, since Ss is an arbitrary quantity, must = O ; 
.•. rfx = 0, or A = a, a constant quantity. The term d{xis) 
will solely affect the equation of limits, and since the 
whole variation must be taken between s^ and s^j ais^ 
~ ais^ must be added to the equation of limits, which, by 
the hypothesis of s having a determinate value, must = O. 

Hence there remains of [a] 1. 10, ovAy --ai {udx) ; 
consequently, the whole variation is reduced to this 
if{V-au)dxi whence the rule before given, p. 78, 
which reduces relative maxima and minima to absolute, \i^ 
derived ; for the formula directs us to find the conditions 
of the absolute maximum or minimum of f{V'-au) dx, 
a being a constant quantity. 

We now proceed to the last Chapter of this Work; 
in which, the formulae previously established, will, with 
some slight alteration, be applied to the solution of 
problems. 



CHAP. VIII. 

Particular Formulae deduced from the General one, for the Purpose 
of facilitating the Solution of Problems — Problems solved. 

CuLER in his treatise has deduced from his general 
formula^ several -subordinate ones^ limited indeed^ but 
materially expediting the solution of problems. These 
will be first described. 

In the general formula^ 
dV^Mdx+Ndy+Pdp+Qdq+Rdr + kc . . .[J] 
suppose Mf Q, and all coefficients excepting N^ P, to 
equal ; then, dV^Ndy+Pdp\ but generally [p. 89.] 

iV— ^+ j^ — &c. sa O [a\ ; in this case, therefore, 
iV^-^ = 0; consequently, iVirfy—rfP.^=0; or, since 

p ="^j Ndy-^p.dP = 0; and substituting, in 1. 10, 

dV:=i p.dP+Pdp = d( Pp) ; whence, by integration, 
^= Pp -^-c [6], c being the correction. 

If A/ is not=0, then F:=fMdx+Pp+c .... [c]. 

Let M=0, iV=0, and all the coefficients after Q; 
flien dF^ Pdp + Qdq, but the general formula [a] 1. 1 1. 
in this case becomes 

dP ^Q _ ^ 
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whence, P z=J^dx + c = -j^ + c; 

multiply this by rfp, and since ^ = y, we have 

P. dp = q.dQ + c.dp 
hence, substituting, in the equation, [^] p, 110. 

dVz=i q.dQ + Qdq + c.dp = d{Qq) + c.dp 
and integrating, 

r= Qq + cp + d [d] 

c, (f, being the corrections. 

If 3f does not=a, we must add, to the above fonn^ 
the tenn fMdx. 

If M= 0, but N is not = O, that is, if the form be 

dF=^ Ndy + Pdp + Gidq 

then, smce iVr-_ + .^ = o, 

we have, multiplying by dy^ which ^pdxy 

d^Q 
Ndy — p,dP + p. :T^'dx = 0. 

d'Q , ,/ dQ\ , dQ 



But, p.^dx:=:d(p^)^ dp. 



dx 



J / dCi\ dQ J 



Hence, substituting, in 1. 12. 
dV=pdP + Pdp - d(p.^) i-qdQ + Qdqi 

consequently, f^= Pp + Qq — P'~r~ + c : . . [ej. 
If dr=Pdp+ Rdr, 
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then the formula [a] p. 110. is reduced to 

dx dx^ "" * 

consequently, P = — -j-^ +c, and Pdp ^c.dp-^ dp. -^ ; 
hence, since dp^q. dx, we have, by substitution, 
df^=i c.dp+Rdr — q^-j-^.dx 

[since dq^rdxl^ =:C.dp+ Rdr+rdR'-dfq.— j 
Hence integrating, and adding the correction c'. 

These forms are sufficient for the solution of the fol- 
lowing problems. 

Prob. 1. 

Required the relation of x and y, such that 
f{cix^y'^).ydx shall be a maximum or minimum. 

Comparing this expression with J* f^dx, V^axy — y^ ; 
consequently, df^=:zay.dx+(ax — 3y'')dy; 

which, compared with the general formula [Jt] p. 110. 

that is, with dF= Mdx + Ndy + Pdp + Qdq + SiC. 

gives M = ay, N^ax-3y\ P=0, Q = j 

dP 
consequently, since N — ^ — I- &c. = 0, in this case 

/ax 
ax - 3y* = 0, and y = \/ -- . 
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PrOB. 2. 



Required the shortest curve that can be drawn Jjg* 
tween two points^ or between two curves. 

HereJ^ds or yrfx\/(l+^')=a minimum; /. f^= 
v/(l+J»*) and dF== yf , ^ ■ ; M, N, &c. =0: and 



P=: 



P 



—yj^ — %\ 5 consequently, the formula [a] p, 110, 
becomes - rf^-— £ — ;)=0; .\p = as/ {I +J»*) 

and p or -J- = -yji jv , whence, by integration, 

y \/ (1 - a*) = aar + c, an equation to a right line. 

Prob. 3. 

Required the curve of quickest descent between two 
given points. 

The time=/4. ^ /'>/(^^+rfy) =yV(l!g),rf^ 

^ \/y ■' Vy ^ Vy 

^J ^ y .dxy which compared with yf^rfj: gives 

(ip, which compared with Form [A] p. l lo. 



Now by the Form [6] p. 1 lo, ^= P/>+c ; /• in this case 



a 
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v£(L±£l) P" , ^ 

Vy y/y- V (1 +i»') ■*" ' 

i_ 1 dx 

wnence — r 77 ►, = c, or — : — ., , ^ — s — c = c 

and finally, dx = * y ^ ^ ^ y ^Vi ^^ equation to a cy- 
cloid. See p. 5 . 

Prob. 4. 

Required the relation of a; and y when/'(a;' -f y*)'*.rf^ = 
a maximum [see Euler's MethodxAs Inveniendi, &c. p. 52.] 

Here V— {x" +yy X v/ ( 1 +p% since dsrzdxs/{\ +p^) 
and, rf ^ = 

.-. M:=^2nx {x'+yy-'^{l +J90, N=^2ny{x' -k^ y^Y^^ 

Here it is more convenient to employ the general 
formula, 

iV - ^ + &c. = O, 
which, since 

by reduction becomes 

2n(ydx-xdy) _ Jlp ^ - 

if fl = arc, whose tangent = - , then rfOss ^^^^^^ i 

y or + y* 
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consequently, integrating the equation [A], p. 114, 
2nO=-4+c, A being an arc, whose tangent =/?, or -p 

X 1 

.'. - =tan* Ostan, — (A + c). 
y 2W ^ ^ 

!Prob. 5. 

Required the curve which by a revolution round its 

axis generates the solid of le^st resistance, [see Newton, 
p. 324, 3^ed. Euler's Me^Ao^i^y Inveniendi, &c. p. 51. 

Simpson's Fluxions^ p. 487^ Ed. 1/50. Emerson*s 

FhucUmSy p. 183, 3** ed, Lacroix's, Calcul. Diff*. torn. IL 

p. 698.] 

The resistance =y ,^* ^ ^ , which, compared with 
fVdx, gives 

f^ =: "^^ - I since p = -f- ) , whence 

consequentiy, M=Q, ^=J^^> ^ = ^\f^^f ' 
Hence by the Fonn [6] p. 1 10, using— c for the correcf, 

whence, by reduction, 

c.(l + fY = 2ypS and y = ^+^ + ^; 
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but, pdx = rfy = - ^rfp -p^^ + l^P* 



3c , c , c rf/i 
2jt?^ p^ " 2* p 



/. aj? = —77-5 dp — •3ap+-* ■;r' 



and ar = ^ + ^, + |. hyp. log.;? + d 

which equation must be combined with c(l +J»*)*=2y;^. 

Prob. 6. 
Required the curve in whichyyxrf* is a maximum, 
[see Euler, Methodus Inveniendi^ &c. p. 52.] 

Since, yxds =^yx^{l + p^).dx, r = yx^{l+p^) 
and dV ^y ^{\ +jo*)rfi? ^r x J{\ -V p')dy + 



a?yp 



\/(i+;?') 



iN-^i^i 



In this case therefore, we must use the Form [c] p. 1 10, 
and then yx^{y +;»•) ^fy^{\ +P')-^^+j^+^) + ^ 



or. 



yx _ 



which by reduction leads to a differential equation of 
the second order. 

Prob. 7. 
Required the curve, or in other terms, the relation of 

a:andywhen /-^ssa maximum. (See Euler, Comm. 

Acad. Petrop. torn. VIII. p. 171.) 

d^y __ d^y _^ dx ^ q 

ds''dx^{l+p^)''d?'^{l +p-y •'• ^^(l+p") 
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and dV = ^SE. — .dp H 777-- — r..dq ; 

/. by the Form [d] p. Ill, 

whence, /> or ji = - - , and c^ = c" — c'x; an equa- 
tion to a right line. 

Prob. 8. 

—4- = a maximum. 
[see Comm. Acad. Petrop. torn. VIII. p. 171.] 



• tt jif y • • r -^ " 



and dV = — -r — 7-^ zr-dy — — -.(f»+ 



qp 



r'since dQ- - —^ 2^^— 1 

LsmcerfU- y.^(i^^») 3'(l+;>')^-l 



i> 



5 2£l_. 






+ 
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consequently, ■ /, . — j, = c^'and 

and since » = —. dx — — . ^ ^^ — Vr^ r-:^. 

Prob. 9. 

Required the curve which, within its own arc, its 
cvolute, and radius of curvature, shall contain the least 
area*, [see Euler, Comm. Acad. Petrop, torn. VIII. 
p. 169 ; also Methodus Inveniendi, &c. p. 64.] 

rr^u J- r . ds^ ^ {dx' + dy^Y 

The radius of curvature = t — ^ + = -^ — j — ^-^ 

-^dx.d^f —dx.d^y 



radius yt. ds 

Hence, the differential of the area = = 

2 

^ (l+^^^l^j,a)^^^^(i±£^^ which com. 

q 9 

pared with Vdx, gives ^= — -^ 1—^ ; consequently. 



• The area is AOR in Simpson^s Diagram, p«78; Fluxions, 
ed. 1750. 

+ Simpson, p. 72. Vince, p. 149, First Edit. Woodhouse Anal. 
Calc. p. 180. 
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/. 31 := o, iNr= o, P = - ^(i+p»), Q =(i+^* 

.•• by Form [d] p. 11 1, that is, ^= Qq + cp + c\ we have 

. (i±£l- = (1±£!)! + ,p ^ ,-, 

/. - 2(1 + p*)^\/ (1 + p*).dx = cprfp + (/.rfp ; 
or, since, ds = ^Z {I +p^)»dx 

(1 +p')4 (1 +p*)- 

_ C (f.p „ 

cfp-c 

If c, c'' = O, — 2^ = —rr^ — •« » which shews the 

curve to be a cycloid : for by p. 6. ^ orp = \/ ( — -j 

.\ , y — -r = \/ —— ^ , and the arc of a cycloid 
measured from its vertex = 2 chord of generating circle 

^ ^ ^^ >s/(l-Hp) 

Prob. 10. 

Required the curve in which^-r— ^ — is a minimum, 
[see Euler, Cofmm. Acad. Petr&p. tom. VIII. p. 185.] 
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Here --j — ^ = j^ x -^dx; :. f^= - 
ax. ay ax* p p 

r 1 

and dV =i r.rfp + - rfr; 

.-. i1f=o, iVr=o, P= -^, Q = o, /?=i 

and by the Form [/*] p. 112, 

r r dp I ^ , 

p ^ p ^ ax p^ 

Hence, O = cp +^ — c', and q=p^{c^-cp) 

and ^ = 'h. I K'!'^;^'"^^ • 

Prob. 11. 

Required the relation of a? and y whenj-^^-~~ is a 

maximum, [see Lacroix, Diff*. dale. p. 704 : also Borda 
il/em. Acad, des Sciences , l?^?- p« 56o.] 

and dVz=z2q.dq', .-. iJ/ = 0, AT^O, P = 0, Q = 2y, 
iJ = O, &c. 

.-. by the Form [a] p. 1 10, -j-^ = O, or 2.-7^ = 0; 
and integrating 2.^ = c, 29 or 2^ = co? + </ 

2» or 2-^^ = — + c^x + </', and 
'^ ax 2 
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•^ 2.3 ^ 1.2 ^ ^ 

The final equation contains four arbitrary quantities^ 
c, d^ &c. : in order to determine them, suppose the values 
diy to be given at two points of the abscissa (x=:0, 
x = a), and also the angles in which the tangents to the 
curve at those points * are inclined to the axis ; for the 
sake of simplicity, suppose y = O, when a? = O ; and^^i^ 
when X = a : also th^ values of the two tangents of the 
angles in which the curve cuts the axis to be f , t! : then 
we have, for the determination of c, dy &c. the following 
equations : 



X -0, y - ; 
J? = a, y -h'. 


.: d" = 0, 

•••'*- 2.3+ 2 +^«' 


X-.0;.'.^-t; 


/. 2/ = C", 


H/ — ^ C£ y • . J — V y 


.-. 2<'=-^+c'a+ c". 



whence the values of c, (/• 

The preceding problems involve one property only ; 
that of the- maximum or minimum; and therefore, in 
strictness, ought not to be classed amongst I soperi metri- 
cal problems, since they involve neither the Isoperi- 
metrical property, properly so called, nor any other 
equally affecting the theory and the analytical pro- 
cesses. The following problems involve more than one 
property. 



• This is only one of the many hypotheses that may be framed for 
the determination of the arbitrary quantities. 

R 
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Prob. 12. 

Required the brachystochrone, that is, the curve of 
quickest descent, when the length of the curve is given. 
[See John Bernoulli's Works j torn. II. p. 255. Acad, des 
Sciences, 17I8. p. 120; also of this Work, pp. 18, &c.] 

Here, by the formulae, pp. 78, I09, we must find the 
variation of J*dx {V — au), putting V ^ au instead 

of V: now F = ^^Zil+£} and u = ^(l +p^); 

sfy 

.-. F- aw, or V =N^ii±^ - «x/(l+i^*); 



/. N^ - 



5i,V(.+P-).<(^+(7-,-").Af;F)-*' 

.\ by the Form [6] p. 110. 
or (—. a) = c^(l + />'), and by reduction. 



If, instead of the length, the area had been given, 
then fudx ^fydx\ and consequently, we should have 

P 

in which case, P = -7 — 77—; — sr. 



Problem. 123 



and 



. ■/(■ +>'•> - «»= ^^ 



7y "*-7P7(i+F) "^ "' 



whence, -j — j-. rr = c + ay, and by reduction. 

If c = 0. rf j: = — 7-^^ — ^-rt which agrees with Simp- 

son's result^ Fluxions ^ p, 492. But, since c is not neces- 
sarily =0, it follows, that Simpson's solution is not so 
general as it ought to be. 

Prob. 13. 

Required the solid of least resistance amongst all the 
solids of equal capacity. [See Maclaurin's Fluxhns, 
p. 751. Emerson's Fluxions^ p, 188.] 

Here, [see Prob, 5. p. 155.], ^= :V i ^ ^xiAfudx 

.'. V-aUy or V =~r^% - «y (including w in the 
quantity a.) 

Hence, P = -^ ^j^^f , and by the Form [6] p. 110, 

j~p^ - «y* = '^ fl+py " ^' whence, by reduction, 
{c^ay") (1 +p*)* = 2yp', or {c-^ay^) ds^ = 2ydy\dx. 

If instead of the condition of equal capacity, that of 
equal superficies be substituted, we have 
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V-au, or ^'=-j^. - ay^il + f), 

and P = ^Jt±JPl _ "yP , 

{l+fY v/(l+P')' 

whence, by the Forna [i] p. lio, 

and, by reduction, 

c.(l 4-/>^)* = 2yp3^ay.(l+p*)* 
or c.ds^ = 2y.dy^.dx + ay.d^.dx. 

If the solid of least resistance be required with both 
the specified conditions, then we must use a formula 
y(^— aw-fev) dx. See p. 78, and if u^y^^ and » = 
y^J{^'^V% we have 

V^au^U, or r =^^, - «y' - *yx/(l+P*). 
and consequently, by the Form [i]'p. 110. 

c(l+p*)* = 2yp' + hy{\ +p*)^ + fly*(l +p% 
or (c — ay^)ds^ = 2ydy^dx + hyds^.dx, 

Prob. 14. 

Given the length of the curve, to determine its nature 
when the solid generated by its rotation is a maximum. 
[See Simpson, p. 486 : Maclaurin's Fluxions, p. 749 ; 
Euler, Methodus Inveniendi, &c. p. 196.] 
/ Fdx ^Jwy\dx [ir = 3.14159 &c.] and fudx = 
fy/{l+p')dx; 

/• r', ox V^ m Si: xy^ - a^(l -np*). 
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ap 



.•. by the Form [6] p, 110. 



ap^ 



t\9 



and .\ y/(l + p^) = — ;; , and by reduction, 

^'^^'^iZ^ ^^T^^T ■^.ortfx_^|-^,__^^,_^^,jrf^. 

If c = O, rfx = - .. ^ -V rfy, which is Simpson's 

result^ and, like the preceding, restricted. 

Euler says, that the curve is the elastic ; and the 
curve determined by Simpson is the rectangular elastic 
curve. 

Prob. 15. 

Required the curve that generates the solid of the 
least surface, the area being given. [See Euler, Methodus 
Lweniendi, &c. p. 198.] 

F = 2irj/^{l + p% U ^1/; 

and dV = [2.^(1 + f) -a-\dy ^ Jil+p^ ^P* 



whence P = 



_ ^^.VP . . 



■ /^l+f Y '''^y *^ ^^^'^^ t*3 P- UQ, 



and, by reduction. 
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», or ^ = viiiyjii£±£yn 

'ax c + ay ' ^ 

, c + ay J 

or dx = ^^^ ^ ^ — 7=2-^ T^.dy. 

If instead of the area, the length is given, then 

fudx =fds = fdx\/{\ +p') ; and « = ^(l + p*) ; 

.-. V' = 2iry^{\+p*) — a /{I +p*), and consequently 

whence, by reduction, 

dx^ ^^>y 

and^=~-.hypJog. [(2iry^a)+^(2»^-a)»-c»]+c^, 

and the curve is the catenary. [See Euler, Metkodm 
Inveniendi^ p, 198.] 

Pros. i6. 

Given the length of a curve ; required its nature, when . 
its area is a maximum. [Seep. 41,] 

Here F'=^(l -\-f)-ay ; .-. P= y^i^fy and by 

the Form [J] p. 110, 

^(1 +;,«)- ay =-^^^+c;... _;^^ = c+ay, 

and ;», or g = ^ ^ ^^(0"+ ^yf^'-* ' ^^^^^^ 
^nation to a circle. 
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Prob. 17. 

If from a point two straight lines be drawn, inflected 
to each other, and their extremities be joined by a curve; 
it is required to find its nature when its length is a max- 
imum ; the area included within the two lines and the 
curve being given. [See Euler, Methodus Inveniendiy &c. 
p. 136.] 

Let a line drawn from the fixed point to the curve, 
(usually called a radius vector) = y, and let d9, 
(rad. = 1,) be the elementary angle between two contigu- 
ous lines, 1/ and y+dy, then the arc=:yiy(rfy*+y\rffl*). 

But the differential of the area = ~ — = — , dx being 
invariable; /. rfO* = — j- ; and substituting 
J \ (^3/* + *^) = a maximum, or putting/? = —^ 
*/ V V^*"^ V'^*^ = a n^aximum. Hence, V ^ 

and by the Form [ij p. 110, 

\f(f + p) = ^(yy+i) +^. or 1 = cy^itf + 1) ; 

Hehce p, or '^-^ ^-liLzpn ., di =^ = .,/'<! ., 
^' dx cy^ y v(l-^^) 

the property of a circular arc described on a diameter = 
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- ; the fixed point, from which lines such as y are drawn, 
being in one extremity of the diameter. . 

Prob. 18. 

Required the curve that, by a revolution jround its 
axis, generates the greatest solid under a given surface. 
[See Euler, Methodus Inveniendi, p. 194.] 

Here V^ ov V - au =z vy^ — 2avy^{\ + />*) ; 
.-. ^ = - ^/^i+p^y and by the Form [6] p. HO, 

putting ctt for the correction : hence, by reduction, 

^,,<y _ x/[^«y-(.v^-cr] . 

^ dx 2/* - c * 

/. dx = ,r: 1 a / a — wi the equation to the curve. 

If c = 0, dx = ,^, '; — rr , an equation to a circle : 

which Simpson [J^/imow^, p. 487], determines it to be; 
but, it is plain that this is only a particular case of the 
general solution. Lyons's Solution, p. 100, is also equally 
restricted with Simpson's. 

Prob. 19. 

Of all Isochronous curves to find AB such, that the 
space included between the arc AB^ and a chord drawn 
from A to B shall be a maximum. [See John Bernoulli's 
Works, tom. II. p. 263 ; also Acad.. Roy. des Sciences, 
17I8, p. 133.] 
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Here the time^ a given quantity represented hy/udx^ 
answers to fdx ^^ / ^ 




9xAfVdxy the maximum^ to 

/[y,,_^('D].or/(?^-i|!!). 

Hence, ^— au^ or ^'=: r (y — ^p) — ^ / ^' > 

,. M= P iV= l+?N£iLdb£), and P = 
* 2 2 2 y^ 

X ap 

.: by the Form [c] p. 110, 

But /> = ^ ; A //jrfay = 3<, Hence, by reduction. 



ISO 
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and consequently^ 

'^ v/C«'-y.(y-c)-]' 

the equation to the curve. 

Prob. 20. 

Of all Isoperimetrical curves draMm between B and 
iV, to find JBFiVsuch, that BZN shall contain the great- 




est area, PZ being a function of PF. [See James and 
John Bernoulli's Works, p. 909, and p. 8I6 ; also pp. 13, 
25, of this Work.] 

Let PF^y^ and let PZr=, a function of y = ]^} then 
fVdx corresponds tofYdx, sndfudx toJ*y/{ 1 +j»*) • dx. 



Hence, V + au, or F' = K + a^(l + P*) 



aj> 



and rf^' = T"^y + V/,— 7~^n 



.rfj); .*. P = 



ap 



v/(l+p*) 



Hence by the Form [6] p. lie. 



F+ av/(l +;>») = 



a/?* 



\/ (!+;>*) 



+ c. 



or, 



- y,, . ov = c - JPi arid by reduction^ 
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j», or-j^ = >^-^ 5^-rp — ^-^, and consequently, 

rfd?= V r , — ^ ^ T^xis the equation to the 



curve. 



In the equation, as it stands, there are two arbitrary 
undetermined quantities a and c. The integration of 
the equation would introduce a third : and to determine 
these three, we have given, the two points B and N, and 
the length of the curve. 

Prob. 21. 
Required the curve which generates by its rotation 
the solid of the greatest volume ; the length of the curve 
and its area being given. [See Lacroix, Cak. Diff*. et 
Int. vol. II. p. 713.J 

Here we must use the form [See p. 78.] 
fiV-- au — bv).dxy corresponding to which is 

a and h involving, in their values, ir and other given 
quantities. 

Hence, the difierential of the quantity corresponding 
to ris 

:. by the Form [6] p. 1 10, 



.»\ » 



:. y*— av - c = " //, . ^x > and by reduction^ 
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p,or^^ = ^i^'-y-^^-'y\ tod 

'^' ax y-ay — c ' 

- v/[i*-(y'-a^--t;)'] * 
an equation to the elastic curve. 

Prob. 22. 

Let now PZ^ instead of being a function of y^ (see 
Fig. p. 130.) be a ftinction of the arc BF (*), [See 
James and John BeraouUi's Works, p. 912, and p. 917 : 
MaclaurirCs Fluxions , p. 508, also p. 25. of this Work.] 

Hereff^dx corresponds tofZdXy Z a function ois^ 
and fudx corresponds to fdx^(l +p^) ; 
••. ^ - au, or r'= - aj{\ -h p") -h Z, 

and dV = — ■ /., ■ — rr.rfl? + -r-.ds. 

^{I+P) ^ ds 

This form therefore is to be solved by the me;thod 
^ven in p. 93 : and, on comparison, we have f* = 0, 

» = 0, w- = — ' 777^— TT, T= -jt, ds=idL The formula 

of solution then, p. 93, is 

k being zz H — f Tdx. Hence, integrating 
^(t+p-) = c, <>r ap + kp = cv/(l + p*) 

.-. Trf«v^(l +p*), or Trf* a - c.-^: .-./rrf*, that is. 
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JdZ or Z=^(f 4- - - Hence p or -^ - Z^^ ^^^ 

dx = rfy^— " . 

If rfa?, rfy are to be expressed in terms of the arcs, 
then since dxszdy.- — ^^^ , ds= sj \\ + ( ) J •dy^ 

consequently, dy = ^[-^^^(Z-c/)^ 



rfa? = 



^/[c» + (Z-(/)*]- 



Prob. 23. 

Given the length of the curve; required its nature 
when its center of gravity is most remote from the axis 

« 

(y), [See Euler, Comm. Acad. Petrop. tom. VI. p. 146: 
Simpson's Fluxions ^ p. 498. 

Suppose y to be horizontal, and x vertical, then the 
distance of the center of gravity from y, = i^y *• 

But fds ss s = b by hypothesis ; 
.-. F - au, or F' = ''•^(^+P"l _ a^(i +p*), 

dP 

Hence, by the general formula, N — ^ + &c. Ny Q, 



*•■ 



MM>tf> 



Simpson's Fluxions, p,205. ed. 1750,; 
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&c. being =: O, we have 

4(1 - «) ^7(i^] = <" 

/. i-a = c --^^ i-.^, and dx = be x , .., ■ , — ?r« 

Hence, dx\/(l+p^)y or ds = - c6.-r, and integrating, 

s.^j+(/, or p=:—^; .'. since s/{l+f)=^, 

T _ (s-(f)ds 

equations to the catenary. 

If the condition of equal length be omitted, that is, 

X Vi 

if a = O, P will equal r i./^. ' . ; and the nature of 

the resulting curve will still remain the same, s being 
represented by 6: and if ^ be not so represented, 
but be supposed to vary, still the resulting curve will be 
the catenary, as will appear, with the reason thereof, in 
the following problem. 

Prob. 24. 

Suppose a chain or cord, of variable thickness, to be 
attached to two fixed points ; it is required to find the 
nature of the curve which it ought to form, so that its 
center of gravity shall be the lowest. 

Let the weight of an element of the curve be ex- 
pressed by i.dsy^ being a function of ^ dependent on the 
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law of the chain's thickness ; then, the distance of the 

center of gravity, instead of being* / ^ i , is ^ .^ \ ^ which 
is to be a maximum. 

^^^^^ \Jids) {J^.d$y "" ^ 

now if xi.ds=ifx6 J {I +p*).dx; .\ V:^x^^{l+f) 
znA dV=: 

Hence by the Form [C] p. 93, supposing ix=iO, 
and not regarding *S, the sum of the definite terms, 

,/r&=/<f..*y[-rf(-7|fe-^)^] 



ri^,=0, .= ;7^^)> JV=0,i>=^^fi^, and 
ft, which equals H-fTdXy being in this case = jH" — 

fx\/ (1 +2>0'^-^^ = ^ -/^.rf» = jy - x9 +/0.rfi! 

substituting this value in the expression [m] ; the 
equation becomes 

With regard to the other variation ifi.ds^ ^answers 
to 0.v/(l+n««l rfr=^^^^+ y/{l+p^).^^ds; 
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/• by Form [C] p. 93, supposing fx=^0, and not 
regarding S the sum of the definite parts, i/Fdx = 

On 

V being = 0, » = >. — jr , and /i: in this case being 

equal to K ^ f y/ {\ +;>*). j-. da?; that is, K - /dO, 

or JT-O; jK' is analogous to JET, and equals the entire 
value of 6 between the two limiting values of x. Hence, 
substituting in [nj L3, we have 

If we now substitute in the expression for 



7fl^ J P- 1^^* I* ^9 ^^^ represent the two integrals 



of x^dsy and ids, taken between the two limiting values 
[x^ and X,] of x, by A and i?, there results 

^/''-'y[-''(7(SF))rJ=»' 

and putting -^ :=: x, 

Hp + pfUdx = ^i^p + Cy/{1 +JP*), whence 
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H-\K-{-pdx = c' ^^^ +^^ , and taking the differential 

or ids =i — c -^ ; whence integrating 
/Us = ^ + c', and ^ or g = /<rf' - c '* 
andsincey(l+;,-) = \/(l+g)=^ ' 

If the chain be uniformly thick, 0=1 and 

, cds 

dy . 



which equations are the same, in fact, as those in the 
preceding problem, [p. 134. 1. Q^^ and belong to the 
curve called the catenary. 

In problem the twenty-third, where ^ is a given quan- 
tity, the solution was effected by means of the common 

dP 
formula iV— ^ h &c. ; and the same formula is suf- 
ficient, if instead of the process there used^ we institute 
one similar to that in Prob.- 24^ p. 134, that is, if we 

T 
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• / xds 

investigate the variation of < .. , ■ — afds^ which equals 

s X J/irf^ — fxds ifds ^ , 
^3 "" aSJ as 

for^ it is manifest^ that this expression can be expanded 
by the common formula, p. 88 *. 

The condition however of a variable thickness intro- 
duces the quantity 0, a function of s ; for instance, instead 
oiifx's/{l +p^).dx-&c.y we have, [seep. 136, 1.6.] 
ffx6^{l +p^) — &c. ; and therefore when the differential 
of the quantity corresponding to J^ is taken, a term 

Xj^(l +p') -y-r^^ ^^ introduced, which obliges us to 
have recourse to the formula [Cc] p. 93. 

The next instance will illustrate the. use of Lagrange's 
formula in his third problem, p. 185, in which, the quan- 
tity that is to be a maximum is expressed under the 
form of a differential equation. 

Prob. 25. 

Required the curve, down which a body falling, in a 
resisting medium, shall acquire thjB greatest velocity. 



• Eviler, Comm. Acad, torn. VI. shews, that the catenary equally 
results, whether the length of the curve be taken into the computatioo 
or not. " Potuisset quidem eadem aequatio multo facilius inyeuiri, st 

m" neglexissem denominatorem, quippe per priorem conditionem 

debet in omnibus cur?is esse idem : YerQOi quia hoc fbrtuito accidit, &c. 



Problems. 139 

Let z represent the square of the velocity, g the force 
of gravity, ( a function of z, the resistance ; and let x bo 
supposed vertical : then^ 

dz - 2g.dx + 2f ^(l+p*)-rfa?=0, . . . [l] 

[by the principles of mechanics.] 
Compare this with the formula p. 94. 1. 13, and we have 
f^=«, X=:2gy I7=2f ^(1 + 2>*) a function of ( and j? ; 

dp ^ ^ d( ^ v/(l + P) 

hence, the equations are, 

dx ^ d^ ^ . - ^ 

and iF or iz = = c-^™'/c^".*p = O, 

In equation [3] substitute from [l] the value of <^2; 

= 2^(1 +p')[A<fe + f.rfA]=2^(l+p')rf(Ae) «= 

2.rf[xf^/(l + p»)] - 2Xf . ^^^^^ = (by [a]) 



2.rf[Xfv/(l+;,0]-^ 



Hence, integrating, 2^A s= 2Af v^ ( i +/>*) - -^ + c = 



1+p' p . 1 
and .'. from [3], - o — ^2 — tv + ^. = — . 
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whence, by the solution of a quadratic the value 
of p. 

This problem may be also solved, and readily, by 
means of the general method and formula given in p. 104, 
thus : since ^ is to be a maximum, f Vdx corresponds to 

' /. ^^ =^ ^(zry y •*• ^y comparison, ir = 1, all the other 

coefficients being = O ; .*. 1^ = O, Z = O, J"' = O, 
Z' = 1. Again, 

y^rfa? corresponds toy [t " ^S + ^('^/(^ +/'*)] ^^ 
/. by comparison, 

... (r) = ^N' - ^ = - rf( ^^Ci-^, 

- ^ dx V^(i +fy dx' 

Hence, taking from the expanded forai, for 
iJVdxJs-iJxfVdx, or 

^f:^^"" + </[^:5^-2|rA+2^fv/(l+p«)J^^^ that 
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part which is under the sigu/i and on which the nature 
of the curve depends, we havfi 

(r).ito + {Z)i»' = 0, and (r) = 0, (^)=0, 
since i<a, ivf are independent of each other; hence, 

as before, p. 139. I. 12, 14. 

The following problem will illustrate the use of the 
general method given in p. 104, in which Ithe maximum 
or minimum property involves a quantity not expressed 
except by means of a diflferential equation ; which equa- 
tion, in the subjoined case, is called an equation of 
condition. 

Prob. 26. 

Required the brachystochrone, or the curve of quick- 
est descent, in a medium resisting as any function of 
the velocity. 

Let z represent the square of the velocity, g the force 
of gravity, p a function of «, the resistance ; and let y be 
horizontal and x vertical : then by the principles of 
mechanics, 

dz - 2g.dx + 2^.ds = O, 

or [^-2g + 2eV'(l+;^*)] dx ^O 
the differential equation of condition. 

If we compare this with fVdXy p. 104, we have 



14^ 



Probletnt, 



••■ »' =2.;7rx/(^ +^'>' '= *' ''""^^ Kt^ = '''''' 



20P 



and />' = 



»\ > 



n/(i + i>') 



and(Z) = x/-rfl^^=2AV(l +/)-5|- rfi- 

The equation of minimum corresponding XofFdx is 

and by comparison. 

Hence, substituting in the expression for ifVdx + 
if{xfV)dx p. 104, and retaining only the parts 
under the integral sign, which must separately equal 0, 
we have 

z . (z, =„, or- >^» OVO ^f')'±-%'0- 
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If we put f = -7- + 2Xf, and integrate the first of 
these two equations^ it becomes 

the second is J^- (2^^ --L)y(i +p>) = o . . [2] 

Add to these dz — 2g.dx 4- 2(.dx^{l+p^) =0 . . [3] 
and the equation to the curve is to be determined from 
these three. 



dt 1 , ^rfx . rt^^^ 



From the value of f, -r = 1- 2:r-.^ + 2X~; 



and from this equation substitute the value of — — ;• + 
2X~ , into [2], and there results 



dz 



d\ / _ d\ dt 
dx 



-0'£-rDV('+?') = o. 



In this, substitute the value of dz derived from [3], 

and there results (two quantities destroying each other) 

rfx dt M. ,. - -, 

^^•^ - Tx>^^' + P*) = o . . . . [a] 

(from the value of t in equation [l] ; ) 
hence, the equation fa] is/ 
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or, substituting the value of t from [l] p. 143, 
* Ps/a v/« 



""'' ^^""'p-ira + '' 



y/d+pQ 



Hence, ^ =-i- + 2Xf = 4- + 1 (-1- + c) = ^^ 
fi-om equation [l], and consequently, 

■ = vAl+£l) - 1 ( • ^ o) , 

fi'om this equation obtain the value of dZj which will 



involve the differentials dp, and -^ .dz. By means of 

equation [^], eliminate dz, and there will result a dif- 

d'y 
ferential equation involving dx and dp^ or — . dxi which 

will be the equation of solution. 

In the case of a void, or non-resisting medium f = 0; 

. _ 1 _ v/(l+p") P L. 

•• x/^~ pVa ^^V(l+P^)v^^ " x/<^' 

or -^ — 7^ ~ -/-» an equation to the cycloid. 
[See pp. 5, 21.] 

The preceding instances are sufficient, it is hoped, 
fully to illustrate the nature and use of 4;hose formuls of 
solution invented by Euler, on which the nature of the 
curve, or the relation of x to y, depends. But hitherto, 
no illustration has been given of those other formulae^ 
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that, on assigning the initial and final variations, have 
definite and absolute values *. These formulae, it has been 
already said, were invented by Lagrange, and their use 
will be shewn in the following cases, which may be 
viewed, as unresolved parts, or undetermined conditions 
belonging to certain of the preceding problems. 

Prob. 27. 

If the brachystochrone is to lie between a point and 

a curve, required the angle in which the cycloid must 
cut the cui-ve*. 

By Form [^a] p. 89, and since the quantity under 
the integral sign y^ = 0, 

r^Jx^ + P,J», =0; 
for, the initial point is given ; /. ix^, iy^ = 0, and *«<,= 
*yo — Po^^o^ = ^9 and since 

r=v%i:£l), Q = 0, and P= ~r-^ — -,,, 

[see p. 113]. 

Hence, {V, - P,p,).ix, + P,.iy^ = O, 
but /^=Pp+ c [p. 110]; V. c.ix^+P^.iy^^o . . \m\. 
Let now 3/ (a function of x, andy,)=Oi then, [seep. 107.] 

dM , dM , . dy, 

rf^.^^. + 5^-'i^-0, and ^Jx, - iy, =: a 

Eliminate tx,, iy^ by means of this and of the preceding 
equation [m], and there results 



♦ P. 89, 90, 91, 

u 
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Now prs --^^ y and x belonging to the cycloid and p^ 
is what T^ becomes at the limiting curve, when for x 

and jfi x^ and y, are substituted : but, -^ is the tangent 
of the angle which a tangent line to the curve makes with 
the axis *, and ^ or - is the co-tangent of the same 

angle f, and — is the co-tangent at the limiting curve : 

for the same reason ^^, is the tangent of the angle 
whioh a tangent line to the limiting curve makes with the 
axis : and since ^ = . , or sinogj the tangent of the 

latter angle equals the co-tangent of the former, one angle 
is the complement of the other : their sum therefore is 
equal to a right angle: consequently, the remaining 
angle of the triangle, or thft which the two tangents 
form, is a right angle ; or, the two curves intersect each 
other at right angles. [See p. 1 1 .] 

The same conclusion will follow from the expression 
for the tangent of the difference of two angles [^A, jB] the 



• Pnnc. Anal. Calc. p. 173. f Ttig.T^. 9. 
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denominatorof which expression is 1 + tan. A. tan, B *, and 

in the symbols previously employed, 1 +p^ . -^ = ; 

/. the fraction or the tangent (A - B)y is oo ; or the differ- 
ence of the two angles is a right angle. 

Pros. 28. 

Suppose now the brachystochrone to lie, not between 
a point and a curve, but between two curves. Required 
the angles in which it must cut them. 

By Form [Aa] p. 89. 

.\ as before cix^ + Pj.iy^ — {cJx^ + P^Jy^ = 0, 
and this equation, if there be no relation between the twd 
limiting curves, or between a?^, y^, and a?„ y,, resolve! 
itself into these two, 
c.ix^ + P.Jy^^O [1], and cJx^ + P^Jy^ = O . . [2] 

v. 

If therefore L, (a function of x^ y^) = 0, be the equa- 
tion to the initial limiting curve, by combining it with 
[2] we shall arrive at the same results as were obtained 
in p. 145, by combining Af=0 with [ij; since the re- 
spective equations are similar. Hence, the brachysto- 
chrone, which here is a cycloid, must cut the first curve 
also at right angles. [See Misc. Taurin. tom. IV. p. 1 87.] 

In this last case the origin of the abscissas is supposed 
to be fixed, and consequently, the velocity with which the 



* Woodbouse's JHgcnometfy, p. 23^ 
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body leaves the first curve is variable, varying as s/y^* If 
the origin of the abscissas is supposed to vary, then, 

[see p. 108.] terms such as ""'^•j" y "" '**/ 'TTy ^^^ 
be introduced into the equation of limits : thus, instead 
of the differential of the time being — y , let it be 

•yr — —J. , and let A be a function of a [a? J, and h [y^] 

solely ; then^ 

since r=<^ii:^) ^= s/ (^ ^P') HL and 
' >>/(y-*) ' da 2.(y-A)^ ^«' 

dF _ ^(1 +f) dh 
dh '^ 2(y- hy'^* 

In this case therefore, the equation of limits, at tbe 

last point where a? = a?., or = a', since -7-/ =0, and ^rr, = O 

da do 

[h not involving a' and V] becomes, 

cix, + P.Ji/, = [3] 

but, the equation of limits, at the first , point, becomes 

Since by the gen^ form". iV- -r- = O ; /. — = ~ dP, 

^^^/ — :: TTT^ - -P + corr. Now at the beffinninff, 

the integral =0, and P^P^\ .-. corr. = P^. Hence, 

the equation [4] therefore becomes 
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= 0. 

This last result, expressed in the equations [3] and 
[4], comprehends, as particular cases, the preceding ones 
p. 1 46, 1 47 ; for if A = 0, the equations [3] and [4] become, 

cJx^ + P^ ^iy^ = O, and c.Sx^ + Pjy^ = O 

as before ; which equations shew that the cycloid must 
cut the two curves at right angles. This was Lagrange's 
original determination of the conditions. [See Misc. 
Taurin. tom. II. p. 180.] 

If A = 6, or 6 — e, [e a constant quantity;) that is, if 
y - hy at the point of departure, =0 or =e; or if, in other 
words, the velocity of the body when it quits the first 
curve is either nothing or constant ; or, if the origin of 
the abscissas, according to M. Borda's expression, be sup- 

posed to be situated in the first curve : then, -77= l, and 

-J- = O ; •". the equation [4] becomes 

c.ix^ + P^^iy^ = O. But the equation [3] is 

c.ix^ + Pj^iyr = O; 
consequently, if from the equations L=0, M=zOy we 
eliminate, as before p. 145, SXo) ix^^ &c. there willi^esult 

from the first ~** = — s^ , and from the second -~ = 

dx^ jP, dx^ 

— -j^\ consequently, -^ ^ -^ ^ or the tangent at 
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the point of intersection of the cycloid and first curve, is 
parallel to the tangent, at the intersection of the cycloid 
and second curve. This is the result which M. Borda 
first arrived at [Mem. Acad, des Sciences^ 1767, p. 568,] 
and which was afterwards confirmed by Lagrange, and 
Legendre. [Misc. Taurin. torn. IV. p* I87 ; and Mem. 
Acad, des Sciences^ 1786, p. 30.] 

This completes the solution of the brachystochrone, 
of which there are six cases, [see pp. 1 13, 122, 141, 145, 
147, 149.] and this curve which first called the attention 
of mathematicians to the connected doctrine and calculus^ 
has been also the object of their latest researches. 

Newton, in the Acta Eruditorumj Mai 1697, p. 223 * 
gave, without proof or the authority of his name, a method 
of describing the cycloid. But John Bernoulli, from the 
Work recognised its author : ** ex ungue Leonem ** f. 

As additional instances of the use of the equation of 
limits, we will solve the following problems. 



* See also PhiL Trans. No. 224. p. 384 : his Works by Horsley^ 
irol. IV. p. 415 : and his Opuscula, vol. I. p. 289. 

f Quoique Pauteur de cette construction par un exces de modestie 
ue se nomme pas^ nous savons pourtant indubitablement par plusieun 
cilt^umstances que c'est le celeb/e Newton^ et quand meme nous ne le 
saurions point d'ailleurs, ce seroit assez tie le connoitre par un 
echantillon> comme ex ungue Leonem, Joann. Bernoulli^ Opera, top. I; 
p. 197. 



t 
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Prob. 39. 

Required the conditions for drawing a right line that 
is to be, the shortest distance, between two given curves, 

1. By Prob, 2. p. 113, the curve was determii\ed 
to be a straight line; also V ^ %/(! +/>*), and 

P - P 

Hence, by the form, p. 89, the equation oJT limits 
becomes 

or, since J» = iy — p.ix [p. 88.], and 

If J?,, x^y &c. are independent of each other, this 
equation resolves itself into 

If ikf =0, and i/=0, are the two equations to the two 
limiting curves, there results, as before, p. 145. 

Hence, by means of these, and of the two preceding 
equations, ehminating *a?„ ix^^ &c. there results 

^= - J and ^= -i.. 
dx^ p,' dx^ p^' 

and consequently, for the reasons assigned in p. 1 46, the 

line must intersect each curve at right angles.^ 
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Prob. 30. 

It is required to investigate the conditions for the 
curve, dovm which, a body, in a resisting medium, 
acquires the greatest velocity. [Seep. 138.] 

We have, p/l04, the equation of limits, 
O = (F+ xir).ix + \Y' + {¥')'] X (iy - ptx) + 

lZ + {Zy]{iz -^ p'ix). ,,. 

in which [see p. 140.] 

Hence, the equation of limits is 

and, by reduction, 

and if from p. 139, we substitute the values of 2^ A and 2X^ 
there results 

iv 
- c*x + -r- + (1 + a).*« = o, 

which is the general expression : and consequently, the 
two equations at the limits, x^^ a?„ become 
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-C.Jjr, + l-.iy^^+ (1 + X,).i%^ = 0. 

Now z is the square of the velocity ; and if the initial 

velocity be given, iz^^z o-^ in the second equation, 

since iZy is indeterminate, make (1 + X,) *^x = 0, or 

Vi.^ = - 1, and then the two equations are reduced to 

- cJx, + -j-^.iy^^ 0. 

If Z» = 0, and M=- O, are the two equations belonging 
to the limiting curves ; then there results, as before, 

I 

p. 145. 

!:•'-» - '^» = »' 

From these two last, and the two preceding, eliminating 
J^Q, iij^^ &c. there results, 

^ ^ c /a ^- c la 

consequently, the tangents at the respective points of 
intersection of the curve, and the two limiting curves, 
are parallel to each other. 

The conditions relative to the curve of quickest 
descent may be similarly determined. The preceding 
instances are, however, sufficient to explain the use of 
liagrange's determinate formula. 
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The purpose of the present treatise^ is now accom- 
plished. There are, however, several curious results 
deducible from Euler's formula ; but, to these, since they 
are not closely connected with the matter of the preced- 
ing pages, the reader is merely referred*. 



i*mm 



• Lagrange^ Fonctions Analjf. p. 217j&c. Legons sur le Calcul 
des Fonctions, p. 401, &c. Lacroix, CaicuL Diff. &c. p. 660, 667, &c. 
Lexell. Novi Comm. Pcirop, torn. XV. p. 127, &c. 



THE END. 
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